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A B S T R A C T 

Traditionally, the pair instability (PI) mass gap is located between 50 and 130 M �, with stellar mass black holes (BHs) expected 

to ‘pile up’ towards the lower PI edge. However, this lower PI boundary is based on the assumption that the star has already lost 
its hydrogen (H) en velope. W ith the announcement of an ‘impossibly’ heavy BH of 85 M � as part of GW 190521 located inside 
the traditional PI gap, we realized that blue supergiant (BSG) progenitors with small cores but large hydrogen envelopes at low 

metallicity ( Z ) could directly collapse to heavier BHs than had hitherto been assumed. The question of whether a single star can 

produce such a heavy BH is important, independent of gra vitational wa v e ev ents. Here, we systematically inv estigate the masses 
of stars inside the traditional PI gap by way of a grid of 336 detailed MESA stellar evolution models calculated across a wide 
parameter space, varying stellar mass, o v ershooting, rotation, semiconv ection, and Z . We evolve low Z stars in the range 10 

−3 < 

Z /Z � < Z SMC 

, making no prior assumption regarding the mass of an envelope, but instead employing a wind mass-loss recipe 
to calculate it. We compute critical carbon–oxygen and helium core masses to determine our lower limit to PI physics, and we 
provide two equations for M core and M final that can also be of use for binary population synthesis. Assuming the H envelope falls 
into the BH, we confirm the maximum BH mass below PI is M BH 

� 93.3 M �. Our grid allows us to populate the traditional PI 
gap, and we conclude that the distribution of BHs abo v e the traditional boundary is not solely due to the shape of the initial mass 
function, but also to the same stellar interior physics (i.e. mixing) that which sets the BH maximum. 
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 I N T RO D U C T I O N  

he outcomes from stellar evolution of the most massive stars are
till highly uncertain, but could involve pair instability supernovae
PISNe) or black hole (BH) formation abo v e and below the pair
nstability (PI) range. An accurate mapping of these outcomes is
ritical for our understanding of chemical evolution, as a full-fledged
I completely disrupts the entire star, enriching the environment,
hile a direct collapse to a BH implies no chemical enrichment at all

Woosle y, He ger & Weaver 2002 ; Langer 2012 ; Yusof et al. 2013 ;
imongi & Chieffi 2018 ; Higgins et al. 2021 ; Volpato et al. 2023 ).
he key factors deciding these outcomes involve the stellar core
nd envelope masses, with the former mostly set by the initial mass
 M ZAMS ) and amount of o v ershooting, and the latter by metallicity-
ependent stellar winds (Tanikawa et al. 2021 ; Vink et al. 2021 ;
osta et al. 2022 ). While direct observations of PISNe have been
ontro v ersial (Gal-Yam et al. 2009 ; Schulze et al. 2023 ), a new
indow that could help address this question has opened up through

he disco v ery of gra vitational wa ves (GWs) from BH mergers by
IGO/VIRGO (Abbott et al. 2016 ). While for a full analysis of
H masses from LIGO/VIRGO one w ould need to emplo y binary
volution and/or cluster dynamical simulations, specific features in
he GW distribution, such as the maximum BH mass, are fundamental
 E-mail: ethan.winch@armagh.ac.uk 
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or all of massive star evolution, and not just for the small fraction
f stars that eventually take part in a GW event. 
Prior to the first GW event, most BH masses in our Milky Way had

een determined from electromagnetic information yielding values
p to just 10–20 M � (e.g. Orosz et al. 2011 ; Casares & Jonker
014 ). Ho we ver the first GW event 150 914 had components in
he 30–40 M � range, which could most easily be explained by
 reduced Z content in a lower Z galaxy (e.g. Belczynski et al.
010 ; Spera, Mapelli & Bressan 2015 ) where wind mass-loss from
assive Wolf–Rayet (WR) stars driven by iron (Fe) ions would

e expected to be lower (Vink & de Koter 2005 ). Subsequent BH
erger events also appear to ‘pile up’ towards the ∼35 M � mark

Fishbach & Holz 2020 ; Kimball et al. 2021 ; Wang et al. 2022 ;
bbott et al. 2023 ), which may be caused by the lower edge of
I, which for stars that have lost their hydrogen (H) envelope is

hought to be located at ∼50 M � (Woosley 2017 ; Farmer et al. 2019 ;
enzo et al. 2020a ). Note that pulsational PI (or PPI) may lower

he maximum BH mass due to mass-loss associated with pulses. So
here are basically 2 lower edges to PI in the literature: one located in
etween direct BH formation versus the onset of PI physics, and
 second one between PPI versus fully-fledged PISNe at higher
asses. In this paper we focus on the former, with a boundary

etween direct BH collapse and the onset of PI physics, which
urns out to be set by a critical core masses (for He and CO) that
e consistently derive for objects with a large H envelope in this

tudy. 
© 2024 The Author(s). 
ty. This is an Open Access article distributed under the terms of the Creative 
icenses/ by-nc/ 4.0/ ), which permits non-commercial re-use, distribution, and 

reproduction in any medium, provided the original work is properly cited. 
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A huge surprise came with the detection of BH masses abo v e
he traditional 50 M � stellar BH limit. In particular GW 190 521
Abbott et al. 2020 ) showed the existence of two heavy BHs of 66
+ 17 
−18 

)
and 85 

(+ 21 
−14 

)
M � merging into a product of 142 

(+ 28 
−16 

)
M �. One

xplanation for these high masses would be that these heavy BHs
nside the traditional PI gap are themselves the product of earlier 
erging (Fishbach & Holz 2020 ; Fragione, Loeb & Rasio 2020 ;
omero-Shaw et al. 2020 ; Renzo et al. 2020b ), but alternatively the
ssumptions in the stellar evolution considered up to that point in 
ime was incorrect or incomplete. One possible solution would be 
hat the nuclear reaction rates, in particular the 12 C( α, γ ) 16 O nuclear
eaction rate is uncertain (Takahashi 2018 ; Farmer et al. 2020 ), but
ven using standard nuclear reaction rates there might be a solution 
rom a stellar evolutionary viewpoint. The key physical points are, 
n the one hand, to a v oid entering the PI physics regime, maintain
 sufficiently small core, and on the other hand to simultaneously 
etain a sufficiently large H envelope, both of which are possible for
assive stars at reduced Z (Vink et al. 2021 ), where it was shown

hat a blue supergiant (BSG) can maintain a sufficiently large H 

nvelope to produce an 85 M � heavy BH as long as the amount of
ore o v ershooting ( αov ≤ 0.1) is small (see the full moti v ation in
ection 2.2 ). Note that such a configuration of a small core and large
ydrogen envelope can also be produced in stellar mergers. Spera 
t al. ( 2019 ) and Di Carlo et al. ( 2019 ) found this to be a possibility
sing binary population synthesis, but single star models did not 
roduce a BH o v er 60 M � in their set-up. 
While we now know that such BSG models might potentially 

xplain the mere existence of such heavy BHs (see also Tanikawa 
t al. 2021 ; Costa et al. 2022 ) in the traditional second mass gap
even without invoking mergers, second generation events, or nuclear 
hysics adaptations) we still do not know the theoretical stellar upper 
H mass limit before PI, nor do we know exactly which zero-age
ain sequence (ZAMS) mass would be able to produce this upper 
H mass. Furthermore, while extreme 85 M � cases are exciting, due 

o the shape of the initial mass function (IMF) we would normally
xpect larger numbers of BHs to be found just abo v e the 50 M �
H/PI boundary, than towards the 90 M � upper end. 
For these reasons, we set out to compute a significantly expanded 

compared to Vink et al. 2021 ) grid of massive star models, to map
he initial ZAMS masses into final masses (and related BH masses)
ue to stellar evolution assumptions of stellar interior mixing (core 
 v ershooting, rotation, semi-conv ection) and e xterior stellar wind 
hysics as a function of Z . We first set out to determine the lower
oundary of the PI re gion (F owler & Hoyle 1964 ; Barkat, Rakavy &
ack 1967 ; Woosley 2017 ; Farag et al. 2022 ). The upper boundary
f the PI mass gap is estimated at M ZAMS ∼130 M � (Bond, Arnett
 Carr 1984 ; Heger et al. 2003 ; Farag et al. 2022 ). Stars abo v e this

alue are predicted to direct collapse to a BH. Ho we ver, as these stars
re abo v e the PI mass gap, the y are not considered in this work. 

The lower boundary of the PI mass g ap, where PI ph ysics takes
lace, had previously been estimated to occur at masses of 50 M �,
uch as Woosley ( 2017 ) or Farmer et al. ( 2019 ) for pure helium stars.
he H-rich situation was explored in Vink et al. ( 2021 ), where a star
f mass similar to the primary component of GW 190521 retained 
lmost all of its hydrogen (H) envelope into the final stages of its life,
 v oiding PI. The current work systematically continues the study of
eavy BHs from stars in the traditional PI gap by exploring a much
roader parameter space, allowing us not only to investigate which 
odel parameters produce the hea viest BHs, b ut also how often this

ould occur, and what is the relative likelihood of the heaviest BHs
n comparison to heavy BHs at the lower PI gap boundary. While
hese results are interesting for comparison to special features in GW 
ata, isolated BHs could potentially also be tested by methods such
s microlensing (Lam et al. 2022 ). 

Section 2 explores our implementation of stellar parameters in 
ESA . Section 3 determines values for the critical core masses (herein

eferred to as the M crit Experiment), while Section 4 explores the
ntire model grid and parameter space to verify which parameters 
roduce the maximum BH mass (herein referred to as the Main Grid).
n Section 5 , we derive analytic fits to our data in the form of two
quations. Section 6 pro vides conte xt to our work in terms of a BH
istribution per initial mass. Section 7 provides discussion in the 
ontext of other work in the community, and Section 8 presents
ur summarized conclusions. Appendix A presents a list of all 
36 models and their input parameters, while Appendix B details 
he resolution test conducted before running the grid. Appendix C 

iscusses the critical rotation rate in the context of informing future
ork, Appendix D discusses our choice of mass-loss rates, and 
ppendix E discusses the effect of MLT ++ at low metallicity and
n the maximum BH mass. 

 M E T H O D S  

n this paper, we perform detailed stellar evolution employing a 
wo-pronged strategy. First, we run a limited set of models all the
ay until end of core oxygen burning (unless they enter PI first)

o establish whether the mass of the carbon–oxygen core (or He
ore) – that sets the boundary between a model which undergoes PI
nd a model which does not (the critical core mass) – is constant
cross our parameter space (in terms of αov etc.). This forms our M crit 

xperiment models. If they are, then as a second step the critical core
ass can be robustly employed to run a larger grid of 336 models

ust until the end of core helium burning, as at this point both the
elium and carbon–oxygen cores will have been established. This 
orms our main grid. 

The aim of this study is to derive the final masses, M final , from
etailed stellar evolution models, and we do not study the three-
imensional (3D) hydrodynamical collapse that creates a BH. For 
his latter part of BH formation we will rely on the work of others
e.g. Fern ́andez et al. 2018 ). In other words, our strategy is to
erive accurate final masses ( M final ) from detailed stellar evolution
odelling to provide a distribution on BH masses, and in particular

n the maximum BH mass below PI. We will come back to this issue
n the discussion of Section 7 . 

.1 MESA modelling 

e use MESA version r15140 (Paxton et al. 2011 , 2013 , 2015 , 2018 ,
019 ) to evolve the main grid of 336 stellar evolution models from
AMS to core Helium exhaustion, as well as a subset of models
 xtending be yond Helium e xhaustion and into core oxygen burning
the M crit Experiment), the details of which are further discussed in
ection 3 and shown as part of the results in Section 4 . 
We include the standard Mixing Length Theory (MLT) of con- 

ection by Cox & Giuli ( 1968 ) with an αMLT = 1.82 as in Choi
t al. ( 2016 ). We employ the Ledoux criterion for conv ectiv e
tability with a varying efficiency parameter described in Section 2.2 .
uring core He burning, massive stars evolve as supergiants with 
assiv e conv ectiv e env elopes where radiativ e transport can become

mportant. Supra-Eddington conditions can be realized locally inside 
he star in the regions of strong opacity bumps with structure models
redicting strong inflation and density inverted layers on top to 
aintain hydrostatic equilibrium. We note that the one-dimensional 

1D) treatment of radiative envelopes is an unsolved problem in 
MNRAS 529, 2980–3002 (2024) 
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strophysics (Ishii, Ueno & Kato 1999 ; Petrovic, Pols & Langer
006 ; Gr ̈afener, Owocki & Vink 2012 ; Jiang et al. 2015 ; Gilkis et al.
021 ; Grassitelli et al. 2021 ; Klencki et al. 2021 ; Romagnolo et al.
022 ) Some stellar models, such as BEC, allow inflation to occur (e.g.
 ̈ohler et al. 2015 ), while other models such as GENEC and MESA

 v oid the inflation and density inversion effects, either by swapping
he density and pressure scale heights, enhancing mass-loss in supra-
ddington layers (e.g. Ekstr ̈om et al. 2012 ), or boosting conv ectiv e
nergy transport efficiency employing MLT ++ in MESA . 

The models of our main grid employ MLT ++ , as this is necessary
or such high mass models to evolve into later stages of evolution
post-TAMS). This is required to a v oid convergence issues in the
nvelopes resulting from density inversions in the outer layers where
nef ficient convecti ve zones lead to radiation dominant regions. As
or physical effects, MLT ++ makes the star evolve hotter, and more
ompact. Calibration of the MLT ++ parameters based on the red
upergiant luminosity cut-offs in the Galaxy and the Magellanic
louds is detailed in Sabhahit et al. ( 2021 ), while the description of
ow MLT ++ is implemented is provided in Paxton et al. ( 2013 ). For
ur grid, we use the default parameter values of MLT ++ across the
ain grid models but showcase a model without MLT ++ at very

ow metallicity in Appendix E . 
We include the effects of rotational mixing in our models,

nd therefore we implement the following instabilities; Solberg-
oiland, Secular Shear Instability, Eddington-Sweet circulation and
oldreich-Schubert-Fricke, following (Heger, Langer & Woosley
000 ). The multiplicative diffusion factors to the diffusion coefficient
f these different rotation-induced instabilities are all set to unity.
he rotational component of the dif fusion coef ficient for mixing
f material is multiplied by a factor f c = 1/30 ( AM D MIX FACTOR

n MESA ). The sensitivity of the rotation induced mixing to the
omposition gradient is controlled by the f μ parameter which is set
o 0.05 ( AM GRADMU FACTOR in MESA ). Both these values follow
eger, Langer & Woosley ( 2000 ). 
For our wind prescription, we follow Vink et al. ( 2021 ) and modify

he MESA ‘Dutch’ wind, which is a collection of wind recipes from
ink, de Koter & Lamers ( 2001 ), de Jager, Nieuwenhuijzen & van
er Hucht ( 1988 ), and Nugis & Lamers ( 2000 ). For our modified
utch recipe we will use Vink, de Koter & Lamers ( 2001 ), with a

edefined Z dependence such that it is dependent on Z Fe as opposed
o the total metallicity in the Z term. Ho we ver, if the star drops
elow a certain temperature ( T eff < 4 kK), the model then switches
o de Jager, Nieuwenhuijzen & van der Hucht ( 1988 ). If the surface
ydrogen abundance drops below 0.4 with a surface temperature of
 eff > 50 kK, then the star is considered a helium-rich WR and uses

he recipe of Nugis & Lamers ( 2000 ). 
As there are few observational constraints on mass-loss rates from
assive stars in our parameter regime, there is notable uncertainty

n stellar evolution modelling. For instance, a more appropriate WR
ecipe could be the recent theoretical one from (Sander & Vink
020 ), but as the bulk of our models remain cool, they do generally
ot enter this regime. More pressing questions would concern the
bsolute mass-loss rates during core H burning, where stars spend
0 per cent of their lives, and whether our models could encounter a
hase of ele v ated mass-loss, due to becoming optically thick (Vink
 Gr ̈afener 2012 ). Regarding the former, for canonical massive stars

here is uncertainty in the mass-loss rates by a factor of 2–3 (Krti ̌cka
 Kub ́at 2017 ; Bj ̈orklund et al. 2021 ; Vink 2022 ). Ho we ver, absolute
ass-loss rates have only been calibrated at the higher ∼ 80 M �

ange (Vink & Gr ̈afener 2012 ). Alternative recipes such as Bj ̈orklund
t al. ( 2021 ) do not appear to provide the more appropriate higher
ates in this transition regime, and we thus refrain from lowering
NRAS 529, 2980–3002 (2024) 
ass-loss rates. Having noted this, as we are in the low Z regime and
-burning mass-loss rates are modest, this choice would not affect

he results. Regarding the issue of mass-loss enhancement in close
roximity to the Eddington limit (Vink et al. 2011 ), we have recently
ncluded this in MESA models (Sabhahit et al. 2022 , 2023 ), and as we
how in Appendix D and Fig. D1 , the models in our grid are not in
his regime. On the specific issue of luminous blue variable (LBV)

ass-loss (Grassitelli et al. 2021 ), we refer the reader to section 4.1
n Vink et al. ( 2021 ) for a discussion. In short, we cannot guarantee
hat LBV type mass-loss would play some role, but it is unlikely
ue to the lower Z (Kalari et al. 2018 ). As we estimated in Vink
t al. ( 2021 , see their section 4.1), we could expect a total loss of
 . 19 M � o v er the entire duration post core He burning. This value
s comparable to the amount of mass lost during core collapse and
egligible in the context of our overall assumptions. In any case, if
ass-loss was stronger (and/or envelope inflation more pronounced)

hen this could affect the Z-dependent cut-off on the maximum BH,
s discussed in Vink et al. ( 2021 ) and shown in fig. 3 of that paper.
t would ho we v er hav e no ef fect on the BH maximum at lo w Z
tself, which is therefore a robust number in the mass-loss context,
s discussed in Vink et al. ( 2021 ). 

For the spatial meshing of the model during mass adjustment, the
ESA code employs an inner Lagrangian meshing (constant m ) and
 homologous meshing (constant q = m / M ) in the envelope (Paxton
t al. 2011 , 2015 ). To facilitate a smoother run of our full model grid
ill end of evolution, we employ a deeper location for the switch from
 Lagrangian meshing to a homologous meshing. A side effect of
sing such a deeper homologous mesh is that the models take larger
ime-steps during the main sequence (d t ≈ 10 4 yr as opposed to

10 2 without a deeper homologous mesh). Thus an additional time-
tep control limiting the model to a maximum time-step of 10 3 yr is
sed which allows us to properly resolve thermally unstable layers,
ainly semiconv ectiv e layers. The usage of the maximum time-step

ontrol also has the effect of limiting time-steps during short phases
eyond core He burning, which allows models in the critical core
ass experiment (Section 3 ) to complete oxygen burning. For further

nformation on spatial and time-step meshing, see Appendix B . 

.2 Parameter space 

or our study, we are interested in physical parameters which affect
he evolution of the star at low Z . These are parameters which either
ave a significant effect on the core size, or affect the final mass of
he star. For this we vary initial mass, initial metallicity up to Small

agellenic Cloud (SMC) Z SMC = 1/5 Z �, core o v ershooting, rotation,
nd semiconvection. We do not vary the 12 C( α, γ ) 16 O reaction rate,
nstead opting to maintain the standard rates for the course of our
rid, as we wish to focus on stellar evolution uncertainties. A brief
iscussion on uncertain 12 C( α, γ ) 16 O reaction rate can be found in
ection 7 . 
The final mass from stellar modelling can be constructed by

onsidering the stellar core versus the envelope: 

 final = M core ( M ZAMS , αov , �/�crit ) + M envl , (1) 

here M core is the mass of the star’s core, and M env is the mass of
he star’s env elope abo v e the core. Both parameters are functions
f our entire parameter space, ho we ver there are parameters which
ave a higher degree of impact to each part. M core is predominantly a
unction of ZAMS mass, amount of core o v ershooting and rotation,
hile M final is predominantly go v erned by M ZAMS and Z which affects
 envl . In Section 5 , we define explicit equations to these parameters

nd their relationship. For our grid of models, we focus on five
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arameters which can potentially drastically affect the evolution of a 
 ery massiv e star (we discuss other parameters in Section 7 ). These
arameters are initial mass ( M ZAMS ), metallicity ( Z ), o v ershooting
 αov ), rotation ( �/ �crit ), and semiconvection ( αsc ). 

Initial mass is the mass of the star at the zero-age main sequence
ZAMS) and is the first factor in determining the potential BH mass,
s it provides an upper limit. Our mass range includes the values; 60,
0, 90, 100, 110, 120, 150 M �. 
Initial metallicity refers to the abundance of elements other than 

ydrogen and helium, but crucially Iron, in the star at the ZAMS
oint, and is an important factor in the evolution of a massive star
ue to metallicity dependent winds. As we scale our abundances 
ccording to Grevesse & Sauval ( 1998 ), all values of metallicity
e use are given as fractions of Solar metallicity ( Z �). We define

bundances according to three initial mass fractions, Z � = 0.02. The 
nitial helium mass fraction in our models is e v aluated as follo ws: Y
 Y prim 

+ ( � Y / � Z ) × Z using MESA default values of Y prim 

= 0.24
nd ( � Y / � Z ) = 2. This leaves the hydrogen mass fraction ( X ) defined
rom unity, where X + Y + Z = 1. We also apply this metallicity
alue to the OPAL Opacity tables from Rogers & Nayfonov ( 2002 ).
ur metallicity values range from Z = 10 −3 Z � to Z SMC = 0.004. 
Conv ectiv e boundary mixing (CBM) is a fluidic phenomenon 

hich occurs abo v e and below conv ectiv e re gions in stars (Langer
012 ; Anders & Pedersen 2023 ). Regions of convection in stars are
etermined by the Schwarzschild equation, ho we ver fluid packets 
ising or falling to this boundary can still o v ershoot the boundary,
hus creating a region of extra mixing above and below convective 
egions. As this is a 3D phenomenon, it is not possible to fully
epresent this in 1D stellar e volution, ho we v er CBM can hav e a
ramatic effect on the evolution of a model (Higgins & Vink 2019 ;
ink et al. 2021 ). For our models, we use ‘step’ overshooting. Step
 v ershooting assumes a solid block of extra mixing, with the length
r height predetermined by αov which is a fraction of the pressure
cale height, H P . 

Appropriate values to be used for CBM are highly uncertain. Up 
o 2010, most massive star evolution modellers employed relatively 
mall values (of order αov = 0.1), but in order to accommodate 
he presence of B supergiants and an extended width of the main
equence, Vink et al. ( 2010 ) suggested that o v ershooting values up
o αov = 0.5 should be considered. Such an increased amount of
 v ershooting with stellar mass has also been employed by Bressan
t al. ( 2012 ), Claret & Torres ( 2016 , 2017 ), Constantino & Baraffe
 2018 ), and Scott et al. ( 2021 ). Ho we ver, this is only part of the
tory, as asteroseismology studies of B stars in the 10–20 M � range
owman ( 2020 ) indicate a roughly equal distribution for low ( αov ≤
.1, Dupret et al. 2004 ) and high ( αov � 0.44; Briquet et al. 2007 )
alues. Future asteroseismology (Aerts, Mathis & Rogers 2019 ) is 
eeded to study CBM for higher mass objects. The origin for what
ay be the root cause for the spread of CBM values per mass bin

emains to be understood (Costa et al. 2019 ; Higgins & Vink 2023 ).
eanwhile, our strategy in constructing stellar models has been to 

onsider both low ( αov = 0.1) and high ( αov = 0.5) values for massive
B stars (Higgins & Vink 2019 , 2023 ). For these reasons, our adopted
alues here are similar: αov = 0.1, 0.3, 0.5. We limit o v ershooting to
nly occur abo v e the core, the same value of which is implemented
hrough to carbon depletion for M crit experiment models, or to helium 

xhaustion for the main grid. 
Stellar rotation is a powerful factor in massive star evolution (for

 re vie w of which, see Maeder & Meynet 2000a ), able to induce
hemical mixing and lead to large amounts of mass-loss if a star is
upercritical such as in Meynet, Ekstr ̈om & Maeder ( 2006 ). Thus,
otation can also enhance the effects of, and also be affected by,
ther parameters such as Z -dependent winds. For our models, we
se rotation as a fraction of the critical breakup speed ( �/ �crit ),
s we want to maintain the same rotational effects between ZAMS
asses. Our values of rotation in our main grid (Section 4 ) are
/ �crit = 0.2, 0.4 which corresponds to surface rotation rates of
150, 300 km s −1 (as moti v ated by observed rotation rates for O

tars at low Z Ram ́ırez-Agudelo et al. 2013 , 2017 ; Sab ́ın-Sanjuli ́an
t al. 2017 ; Ramachandran et al. 2019 ). For our M crit experiment and
ur main grid, we do not use rotation enhanced mass-loss (M ̈uller &
ink 2014 ). Ho we ver, in Appendix C we discuss the specific case of
igh rotation. 
The last parameter we vary is semiconv ectiv e efficienc y. Semicon-

ection, first discussed in Kato ( 1966 ), applies to a region above the
ore of a star during the Main Sequence, where there is slow mixing of
hemical elements. We use the Ledoux criterion to determine regions 
f semiconvection and full conv ection. A re gion is conv ectiv ely
nstable if equation ( 2 ) is fulfilled, while it is semiconv ectiv e if
quation ( 3 ) is fulfilled: 

 ad + 

φ

δ
∇ μ < ∇, (2) 

 ad < ∇ < ∇ ad + 

φ

δ
∇ μ, (3) 

here ∇ is the temperature gradient, ∇ ad is the adiabatic temperature
radient, and ∇ μ is the chemical gradient. φ and δ are the density
radients with respect to temperature and mean molecular weight, 
espectiv ely. Semiconv ection can be seen abo v e the core during H
urning, as the core retreats, leaving behind said chemical gradient. 
o we ver, the largest ef fect on a star’s evolution from semiconvection
appens during the post-MS phases, and can affect the temperature 
f the model, and the presence and duration of ‘blue loops’ (Langer
012 ). 

.3 Pair instability 

he PI region, from Fowler & Hoyle ( 1964 ), is due to production of
lectron positron pairs in the core of a very massive star, leading to
 reduction in the pressure component of the equation of state, and
hus the gravitational contraction of the star. This leads to e xplosiv e
xygen burning, and can result in either a partial or complete
xplosion depending on the location of the instability. In the event of
 partial explosion, large amounts of stellar material can be thrown
ff at once, forming a pulsational pair instability supernova (PPISN; 
arkat, Rakavy & Sack 1967 ; Woosley 2017 ). Alternatively, the

tar can be completely disrupted, and the resulting pair instability 
uperno va (PISN) leav es no compact remnant (Barkat, Rakavy &
ack 1967 ; Farag et al. 2022 ). 
The boundary for where PI or PPI occurs is a debated topic, for

 xample F armer et al. ( 2019 ), Costa et al. ( 2022 ) and Volpato et al.
 2023 ), as such several criteria are used to determine whether a star
ecomes pair unstable or not. Principally, the first criterion is that
pontaneous pair production occurs in the star. For this to happen, the
tar needs to be massive enough such that the internal temperature
eaches a point where a sufficiently large number of photons in the
igh energy tail of the Planck function have energies in excess of the
est mass. While this condition can be used as a diagnostic for PI, and
an be visualized on a temperature–density diagram, alternatively 
ne can instead use the size of helium or carbon–oxygen cores as a
etermining factor. This has the benefit of providing a comparable 
iagnostic factor to determine the PI boundary. 
For calculating which models became pair unstable, we calculated 

he average 	 1 (see equation ( 5 )) across the entire star at each
MNRAS 529, 2980–3002 (2024) 
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Figure 1. Evolution of a 95M � star in our grid with <	 1 > explicitly 
calculated. The red line denotes where a star may become pair unstable 
by reducing below that point. The <	 1 > is normalized to 0 in this case. The 
horizontal axis follows the evolution of a star in logarithmic time until the 
end of the model. This allows us to see the evolution of <	 1 > across the life 
of the star, and clearly show the last period of the star’s life, where <	 1 > 

drops below 4/3. 
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Figure 2. Critical core mass values for Helium ( M 

critical 
He ) and CO ( M 

critical 
CO ) 

when varying αov (top panel) and �/ �crit (bottom panel). Each data point 
represents the median between two models which straddle the PI boundary. 
The difference between these models’ M CO and M He values provides us with 
an error bar, which is small enough to be hidden behind the data points on 
these graphs. 
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ime-step. As our current models do not include any implicit
ydrodynamics, we only split our model according to whether or
ot they became pair unstable at all ( <	 1 > < 4/3). 
An example of our calculation of <	 1 > across the evolution of

 stellar model is presented in Fig. 1 , showing a model which would
ndergo some form of PI. 
The equation for 	 1 is given in equation ( 4 ): 

 1 = 

(
d ln P 

d ln ρ

)
ad 

, (4) 

hile it is possible to calculate the value of <	 1 > for each model, it is
lso not necessary. As seen in Farmer et al. ( 2019 , 2020 ), it is possible
o determine which models will undergo PI based on the mass of their
arbon–oxygen or their helium core mass (see Section 3 ). As such,
he majority of the grid can be categorized based on both of these
riteria. F or the M crit e xperiment models that are used to calculate the
ritical core masses, some of these models do not deplete oxygen, but
ll models are core carbon depleted. Similar to Farmer et al. ( 2020 )
nd Costa et al. ( 2021 ), we use the following equation to calculate
he average 	 1 across our stellar model: 

〈 	 1 〉 = 

∫ 
	 1 P d 3 r ∫ 
P d 3 r 

(5) 

rom Stothers ( 1999 ), who shows that this is a good approximation for
etermining the dynamical stability of the star. When the <	 1 > of a
tar w ould f all below 4/3, PI w ould occur which causes the dynamical
nstability. As this is an approximation, this does not inform as to the
ocation of the PI within the star, and as such only informs us that
I occurs, not whether the star would undergo pulsational PI or full
isruption (i.e. PISN). 
In the following Section 3 , we use this equation and stellar

volution models to demonstrate that the critical CO and helium
ore masses are robust, and that therefore we use the core masses as
ur criteria for the PI boundary. 

 M C R I T 

EX P ERIMENT  

he critical core mass is the mass of the stellar core such that the
ntegral of the adiabatic index, <	 1 > , drops below 4/3. In this case,
he model will undergo PI, such as in Farmer et al. ( 2019 ). This will
e achieved with a critical mass for the helium and carbon–oxygen
NRAS 529, 2980–3002 (2024) 
ores, which has been shown in previous work to be an ef fecti ve
iagnostic for this purpose (Farmer et al. 2019 ; Costa et al. 2021 ).
his section will provide values of the critical core masses with which
e can apply to the main grid in Section 4 and to our population in
ection 6 . 
To do so, we use the model A1 ( M ZAMS = 90 M �, Z = 1/10th Z �,

ov = 0.1, �/ �crit = 0.2, αsc = 1) from Vink et al. ( 2021 ) as a starting
oint, as this is known to already be close to the BH/PI boundary.
hen, we isolate one parameter ( M ZAMS , Z , αov , �/ �crit , αsc ) which
e vary, and evolve the models until oxygen depletion. This provides

n indication if the model undergoes PI, and thus allows us to map
he PI limit for that parameter. 

In Fig. 2 , we show our calculated critical core mass across different
alues of o v ershooting (top panel) and rotation (bottom panel) for
 

critical 
CO and M 

critical 
He . Stars that have core masses which are on or

elow their respective line will a v oid PI, while those abo v e undergo
I. 
The ZAMS mass of the star corresponding to the critical core
ass can be seen to vary in the yellow-shaded region of the bottom

anel of Fig. 3 . This figure combines the critical helium core mass
f o v ershooting, rotation and semiconv ection in the top panel, and
rovides the corresponding ZAMS masses in the bottom panel. As
stablished, the critical core mass remains constant when varying αov ,
s this does not change the density of the core. Instead, increasing
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Figure 3. The top panel shows the critical core mass for helium varying 
across three parameters – αov , �/ �crit , and αsc . The average of these values 
– 40.6 M � – is shown with the black dash–dotted line, which we use as our 
fiducial critical Helium core mass ( M 

critical 
He ) throughout the paper. The black 

shaded region is our uncertainty, which represents the standard deviation of 
M 

critical 
He . The bottom panel shows corresponding ZAMS masses for the value 

of M 

critical 
He . 
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Table 1. Detailed list of parameters used in our model grid. We provide the 
initial mass ( M ZAMS ), metallicity ( Z ), o v ershooting parameter ( αov ), rotation 
rate as a function of critical rotation ( �/ �crit ), and semiconv ectiv e efficienc y 
parameter ( αsc ). 

M ZAMS Z /Z � αov �/ �crit αsc 

60 1/5 0.1 0.2 1 
80 1/10 0.3 0.4 100 
90 1/100 0.5 
100 1/1000 
110 
120 
150 

Figure 4. Hertzprung–Russel diagram of a model with M ZAMS = 90 M �, Z 
= 1/10th Z �, αov = 0.1, �/ �crit = 0.2, and αsc = 1. The gradient colour of 
the track illustrates the mass of the star. The gold and blue stars reflect the 
points of core hydrogen and core helium exhaustion, respectively. 
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r decreasing αov has the effect of increasing or decreasing the total 
ass of the core. Thus, for the same corresponding helium core 
ass, the ZAMS mass of the star will be inversely proportional to

he amount of o v ershooting, αov . 
Regardless of variation in M ZAMS with αov , �/ �crit , or αsc , the

ritical core mass is more or less constant. This critical core mass
ill be used in our determination of whether a model undergoes PI
r not. 
By taking the average of each parameter’s critical core mass 

oundary, and then averaging those values, we arrive at a critical 
O core mass boundary of M 

critical 
CO = 36 . 3 ± 1 . 8 M � and critical

elium core mass boundary as M 

critical 
He = 40 . 6 ± 1 . 5 M �. Formal

ncertainties are the combination of the standard deviations from the 
ritical core masses in αov , �/ �crit , and αsc . The critical helium core
ass boundary is shown in the top panel of Fig. 3 , where regions are

haded depending on varying parameter (yellow for o v ershooting, 
ight pink for rotation and grey for semiconvection). 

To summarize, we have tested the role played by o v ershooting,
emiconvection and rotation in setting the lower PI boundary limit 
y the critical core mass. We obtain the critical CO mass and critical
e core mass of described in the abo v e paragraph. More crucially,
e find the critical core boundaries do not vary systematically with

ither o ver shooting , semiconvection , or rotation within our param-
ter space. Such a critical core mass criterion remains independent 
f processes that can alter the core size and is a robust condition to
etermine the fates of our models. 

 MAI N  M O D E L  G R I D  

n this section, we detail our grid of 336 models, describe the statistics
f the grid, and discuss several features. Our parameter space is
etailed in Table 1 . A breakdown of each model in the model grid
an be found in Appendix A . The main grid of models was calculated
o the end of helium burning, and then the carbon core mass taken
nd compared with the critical M 

critical 
CO from Section 3 . An example

f our models is shown in Fig. 4 , for a M ZAMS = 90 M � model. 

.1 Key parameters of the main grid 

etallicity is one of the key parameters of the main grid. Fig. 5
ho ws the ef fect of metallicity as a function of solar metallicity on
he final mass of the star at the end of helium burning. Below 1/10th
 �, the mass-loss is negligible (less than 10 per cent of total mass);
o we ver, the function steepens as the models increase to SMC and
arge Magellenic Cloud (LMC) metallicity, then finally Z � where the 
ass-loss is non-negligible. A summary of the main grid of results is

resented in Fig. 6 . Immediately noticeable is the effect of metallicity
n the final mass of a model. For models at Z SMC , mass-loss is
on-negligible and is a significant ( Ṁ Total > 10 per cent M ZAMS ) 
ercentage of the star’s mass. At 1/10th Z �, the mass-loss becomes
onsiderably weaker. At this metallicity, the stars retain the majority 
f their envelope through their evolution. This also means that the
MNRAS 529, 2980–3002 (2024) 



2986 E. R. J. Winch et al. 

M

Figure 5. Final mass of models varying with metallicity. These models start 
with 90 M � and vary from Solar metallicity to 1/1000th Solar metallicity. 
Stars which are abo v e the dotted line represents metallicities abo v e that of 
the SMC, which are beyond our grid. 
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ther parameters (such as o v ershooting, as shown in Section 5 , and
an be seen in the columns of Fig. 6 ) become a lot more important
or determining the mass of a BH, as these parameters will affect the
ore size. For very low metallicities ( Z ≤ 1/100th Z �), the mass-loss
ecomes negligible, with an average mass-loss of < 2 M �. 
As discussed in Section 3 , the core mass must be kept below
 

critical 
CO < 36 . 3 ± 1 . 8 M � or M 

critical 
He < 40 . 6 ± 1 . 5 M � in order to

 v oid PI phenomena. 
As can be seen in the bottom panel of Fig. 3 , the ZAMS mass

t which the a star would undergo PI is an inverse function of αsc .
ee Section 3 for discussion on the interaction between M ZAMS ,
 

critical 
core , and αov . This indicates a strong correlation between these

wo parameters which is well defined in Section 5 . For our values
f rotation corresponding to ZAMS mass in the bottom panel
ig. 3 , we see that larger values of �/ �crit correspondingly decrease

he maximum value of initial mass that a model can have before it
ecomes pair unstable. 

.2 Features of rotation and semiconvection in the main grid 

otation becomes important at very low metallicity ( Z ≤ 1/100th Z �).
t these metallicities, the wind mass-loss is low enough such that
odels may spin up and reach critical break-up speed due to an

nability to lose sufficient angular momentum during the main
equence. For models with which Z = 1/100th Z �, and with initial
/ �crit = 0.4 reached critical breakup speed before core helium

xhaustion, whereas models with initial �/ �crit = 0.2 would remain
ubcritical during their e volution. Ho we ver, at 1/1000th Z �, all
odels spun up to critical break-up speed in their liv es. Conv ersely,

t 1/10th Z �, all models were able to reach the end of core helium
urning without spinning up to breakup speeds. 

This is due to mass-loss via winds being an important mechanism
or dumping angular momentum from the star. For models with
 ≥ 1/10th Z �, the winds were able to eject enough angular
omentum such that, even in the high rotation case, the stars did not

each breakup speeds. This relationship demonstrates a metallicity-
ependent value of �/ �crit that acts as a bifurcation point – values
f rotation abo v e this value critically spin up, and values below this
re able to evolve without reaching critical rotation rates. 

A sketch of where this value lies is shown in Fig. 7 , where the red
egion denotes a star which will spin up such that �/ �crit > 1, and
herefore breakup. Whereas stars in the blue region are able to spin
own or lose angular momentum such that their maximum rotation
alue remains below breakup speed. At SMC metallicity and greater,
NRAS 529, 2980–3002 (2024) 
he strength of the mass-loss would likely be enough for the star to
ose most of its angular momentum regardless of initial rotation rate.
t is interesting to note that, within our mass range, this feature is not
ass dependent. 
This feature is important to the evolution of massive stars in the

H/PI formation scenarios as this has a direct effect on the likelihood
f formation for either scenario, as well as the mass distribution of
Hs or PPISN/PISN progenitors. For models that have low rotation
t the ZAMS, a relation exists where lower metallicity increases the
aximum possible BH mass. Ho we ver, by increasing rotation, this

elationship changes due to large, episodic, mass-loss at a cut-off
etallicity – this cut-off is shown by the red line in Fig. 7 . Below

his cut-off, stars will experience episodes of rotationally induced
ass-loss that will lower their maximum BH mass, potentially on

he order of tens of solar masses (Meynet, Ekstr ̈om & Maeder 2006 ).
urther discussion on high rotation at low metallicity is presented in
ppendix C . 
Overall, rotation can have various effects on the evolution and

ate of a star. In addition to the episodic mass-loss caused by rapid
otation as in Meynet, Ekstr ̈om & Maeder ( 2006 ), there is also the
djustment to the 	 1 criterion as in Marchant & Moriya ( 2020 )
which has a noticeable effect from �/ �crit ≥0.3 −0.4), as well
s chemically homogeneous evolution (Yoon & Langer 2005 ). The
ombined effects of these three rotational phenomena is beyond the
cope of this paper, and is a topic for future studies. 

Semiconvection is the weakest parameter in this study. At high
alues of initial mass, factors such as o v ershooting and rotation will
ominate the effects of semiconvection to the point where models
ith weak or strong semiconvection are indistinguishable. At our

owest masses ( M ZAMS = 60 M �), regions of semiconvection do
ecome more prominent. Ho we ver, this does not seem to affect the
nal fate of the model in any systematic way across our parameter
pace, except for isolated cases in CO core size. 

F or an y indirect effect on mass-loss, semiconv ection was not noted
o have a dominant effect here either. Temperature differences were
ypically small enough (nominally < 0.1 dex ), or occurred for short
ime-scales such that mass-loss was almost the same between models
f the same parameter space, and different αsc . 
Semiconvection does not directly affect the size of the core. The

rimary effect is instead related to the temperature of the model and
his is mostly constrained to the post-TAMS environment, where
onger blue-loops can occur for stars with M ZAMS = 20 −30 M �
Langer, El Eid & Fricke 1985 ). In Fig. 8 , we can see the difference
etween high efficiency semiconvection for a 90 M � model ( αsc 

 100, subfigure 8b) and low efficiency ( αsc = 1, subfigure 8a).
he semiconv ectiv e efficienc y shifted the TAMS temperature of the
igh efficiency model to be 0.1 dex cooler. The red regions in the
ippenhahn diagrams of Fig. 8 denoting regions of semiconv ectiv e
ixing become much more prominent with lo wer ef ficiency. This
as not seen to have a significant effect on the evolution of the
odel, or the location of the PI limit. 

.3 Statistics of the main grid 

ll models of initial mass M ZAMS ≥ 90 M � ended with core masses
bo v e our limit calculated in Section 3 . The exception is at Z SMC 

here the line is just abo v e the 90 M � limit. As such, almost our entire
odel population of BH candidate models arrive from the initial
ass range of M ZAMS = 60 −80 M �. While the rest of the models

ndergo PI and therefore do not form part of our BH candidates,
hey are valuable for examining trends, which factors into the fits of
ection 5 . Overall, 41 of our 336 models ended their evolution with
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Figure 6. Final masses of stars as a function of metallicity. Low rotation ( �/ �crit = 0.2) models are shown with the black solid line, while the higher rotation 
( �/ �crit = 0.4) models are represented with the red dotted line. Models with αsc = 1 are shown in the left column. Models with αsc = 100 are shown in the 
right column. Each row is divided by αov in descending order. Kinks in the curve can be found at SMC metallicity due to the presence of the bi-stability jump in 
the wind physics. The final mass of high rotation models at low metallicity are likely o v erestimated due to the lack of a supercritical rotation mass-loss recipe. 

C
a

 

m  

m  

e  

b  

s
m
M  

a  

c  

c  

fi  

a  

t  

t  

(  

m  

c
 

c  

p  

p
a  

s  

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/529/3/2980/7603396 by John M
cFarland user on 08 M

ay 2024
O cores below the predicted limit. The division of these parameters 
re described in the following paragraphs. 

At M ZAMS = 80 M � there are 13 models which had CO core
asses below the PI limit. The majority (9/13 models for this initial
ass) of BH candidate models lost less than 10 M � during their
 volution, while a fe w more (4/13) ended up with final masses
etween 61 and 70 M �. These low final mass candidates were due to
trong winds at Z SMC , with high rotation models losing approx 5 M �
ore due to the model’s resulting position in temperature space. 
odels with M ZAMS = 80 M � at low metallicity (1/100th Z �) were

ble to successfully remo v e enough angular momentum to a v oid
ritical rotation. Models at M ZAMS = 60 M �, had 35 models with CO
ore masses below the PI limit. Most of these models (21/35) had
nal masses abo v e 50 M �, while the rest had final masses between 46
nd 60 M �. The models with low masses were primarily contributed
o by metallicities of 1/10th Z � or Z SMC . Especially noticeable is
hat, at this initial mass, some (12/35) models of high o v ershooting
 αov = 0.5) were able to produce BH candidates in our applicable
ass range (nominally, M final > 50 M �), which is not the case in the

ase where M ZAMS = 80 M �. 
To conclude this section, we have shown that αov and M ZAMS are

ritical parameters for M core , and that Z , M ZAMS , and αov are critical
arameters for M f , which we will use in the following section to
arametrize our fits for the models. Additionally, we have found 
 metallicity dependent �/ �crit limit. This limit, which can be seen
ketched in Fig. 7 , defines where a model would lose insufficient mass
MNRAS 529, 2980–3002 (2024) 
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Figure 7. Sketch of relationship between metallicity and maximum �/ �crit 

across the entire evolution. Stars which have initial rotation values in the 
red region would not lose enough angular momentum via mass-loss, leaving 
them to become supercritical when they contract and thus experience a period 
of very high mass-loss. Above a certain metallicity, the initial rotation rate 
becomes irrele v ant as the mass-loss rates are al w ays substantial enough to 
shed enough angular momentum. 

Figure 8. Stellar structure diagrams for a 90 M � model with αsc = 1 (Fig. 
8 a), and αsc = 100 (Fig. 8 b). Fully conv ectiv e re gions are marked by green 
hash, while semiconv ectiv e re gions are marked with red fill. Overshooting 
regions are seen in purple, and the Helium core mass is bounded by the blue 
dotted line. Blue shading indicates regions of nuclear burning. 
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n order to remain below break-up speeds during the evolution. This
as not found to be mass dependent in our range of ZAMS masses.
his makes low-metallicity models more susceptible to extreme
ass-loss, and thus lowering their potential BH mass. Finally, we
NRAS 529, 2980–3002 (2024) 
etermine that semiconvection is unimportant within our parameter
ange in determining the final mass of a model, or its susceptibility
o PI. 

 N U M E R I C A L  FITS  O F  M C O R E 

A N D  M FI NA L 

ased on our detailed stellar evolution models, we produce fits that
ay have use for population synthesis by ourselves or others. As

stablished in Section 4 , a set of clear relationships exist across the
arameter space. Equation ( 1 ) gave M f as a function of core mass
 core and envelope mass M envl , which themselves are functions of our

arameters. By fitting functions to these parameters, we can create a
elation for the final mass. 

First, we look at the subset of our parameter space where �/ �crit =
.2, and αsc = 1, as low rotating models are more likely to be stable
nd semiconvection is not a dominant variable (as per Section 4 ).
ith this, we further define 

 core = f ( M ZAMS , αov ) , (6) 

 final = f ( M ZAMS , Z, αov ) . (7) 

y fitting the He core sizes to M ZAMS and αov based on 21 (7 M ZAMS 

y 3 αov ) models at constant Z = 1/10th Z �, we achieve the following
elation: 

 He core, fit = −6 . 98( ±1 . 6) + 0 . 51( ±0 . 015) · M ZAMS 

+ 0 . 35( ±0 . 19) αov · M 

1 . 03( ±0 . 11) 
ZAMS , (8) 

hich has a root mean square error of 0.82 M �. As mentioned, this
elation was calculated for a constant metallicity v alue. Ho we ver,
hen taking into account other metallicities, there was not a signifi-

ant difference in the value of these coefficients, as metallicity does
ot have a significant effect on the core mass. The limit to this relation
s approximately Z < 1/100thZ �, for the same reasons described in
ection 4.2 . 
The mass of the conv ectiv e core during the main sequence, which

ltimately decides the mass of the formed helium or carbon–oxygen
ore, is proportional to the ZAMS mass. In equation ( 8 ), we show
hat a linear relation well approximates the correlation between the
ore and ZAMS mass in the mass range considered in this study.
his is because the core-to-total mass ratio increases with the ZAMS
ass but then plateaus off as one approaches higher and higher
AMS masses (see Yusof et al. 2013 ; Sabhahit et al. 2022 ), which
eans the core and ZAMS mass relation approaches a linear trend.
his might ho we ver break do wn for ZAMS masses beyond the mass

ange considered here. The main contributing factor towards such a
eparture from a linear relation is a switch to an optically thick wind,
hich is capable of eating away the core mass and significantly

educing it. Ho we ver we note that such a switch to optically thick
ind physics is metallicity dependent as shown in Sabhahit et al.

 2023 ), shifting to higher ZAMS masses towards lower Z . The model
rid considered in this study largely a v oids the optically thick wind
hysics regime due to low Z and the correlation between the core
nd ZAMS mass holds well. 

Through fitting another set of 84 models, varying αov , M ZAMS and
 for the final mass of the star, M final , we achieve 

 final, fit = M ZAMS 

[
1( ±0 . 006) −

(
0 . 02( ±0 . 009) 

 0 . 05( ±0 . 019) αov 

)
· M 

0 . 65 ±0 . 076 
ZAMS ·

(
Z 

Z �

)0 . 72 ±0 . 057 ]
. (9) 

This equation is accurate for Z SMC < Z < 1/1000thZ � and has a
oot mean square error of 3.09 M �. To find any BH mass within our
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Figure 9. Subfigure 9(a) includes fitted lines for Helium core masses at 
constant �/ �crit = 0.2, metallicity Z = 1/10th Z �, and semiconvection αsc 

= 1, from equation ( 8 ). The black, red, and blue dots are data values from 

the models for o v ershooting values of αov = 0.5, 0.3, 0.1 respectively, while 
the corresponding dashed lines are the fits for those values, and the green 
dashed line represents our calculated helium core PI boundary M 

critical 
He = 

40 . 6 M �. The green-shaded region represents where models would undergo 
PI. Subfigure 9(b) fits final masses as a function of initial mass and metallicity, 
with constant αov = 0.1, �/ �crit = 0.2, and αsc = 1. Using the maximum 

initial mass in subfigure 9a, which is then marked in subfigure 9 b by the 
orange line, the maximum final mass of the star is then correlated with the 
green line. 
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ange using our fits, first apply a 40.6 M � helium core mass limit,
s discussed in Section 3 from which we can plot equation ( 8 ) in
ig. 9 (a) and map the maximum initial mass before PI ( x -axis) to

he fits depending on a value of o v ershooting. It can be seen that,
ince the line fit trends to the left with increasing o v ershooting, that
ncreasing o v ershooting has a ne gativ e correlation with the maximum
nitial mass before PI. We can do a similar mapping with equation
 9 ), plotted in Fig. 9 (b) this time for different values of metallicity. 

In the limit of zero o v ershooting and metallicity, we obtain a
aximum BH mass of M BH = 93.3 M � that describes the physical
aximum. Table 3 shows no BHs within the 90 −95 M � range as the

imit of our grid with αov is 0.1 and Z is 1/1000th Z �. 

 PO P U LATIN G  T H E  PI  G A P  

or this section, we populate the traditional PI mass gap ( > 50 M �)
nformed by the equations in Section 5 . A sample of 240 000 stars
10 000 stars for 3 values of o v ershooting and 8 metallicities – are

opulated between initial masses 60 < M ZAMS < 100 M �. Equal
istribution on the log scale from Z SMC to 1/1000thZ � is assumed to
btain the metallicity values. Then we use equation ( 8 ) to e v aluate
he He core size and check whether the model becomes pair unstable
r not. Additionally, equation ( 9 ) is used to inform on the mass of
he resulting BH. Tables 2 and 3 provide a detailed breakdown of our
H population, and weighs this against the Salpeter IMF ( M −2.35 ) for

he population of 240 000 stars considered. Figure 10 shows Table 3
n graphical form. 

The 240 000 stars are initially divided into mass bins 60 −70,
0 −80, 80 −90, and 90 −100 M � and the IMF-weighted fractions
re shown in the second column of Table 2 . The next three columns
how the contributions from individual o v ershooting values. The 
nal column shows the fraction of BHs formed corresponding to 

he initial mass range. This column takes into consideration of both
he IMF weighting of the stars and the He core mass staying below
0.6 M � according to equation ( 8 ). In the low mass bin ( M ZAMS =
0 −70 M �), the three o v ershooting values contribute almost equally
o the BH population, as the cores of these stars are too small
egardless of the overshooting values in our range. As the initial
ass range increases, we can see that the contribution towards heavy
Hs becomes a strong function of o v ershooting. This is because
s the initial mass increases, so does the core size. This strongly
isfa v ours the higher o v ershooting values as a He core mass of
0.6 M � is considered our PI condition. In the 85–90 M � range,
nly a small fraction of the models can form heavy BHs, while the
emaining go pair unstable. This shows that the production of heavy
Hs in the PI gap, is not just a product of the IMF, but also of

he amount of o v ershooting (e xtra mixing), showcased by the last
olumn. 

In Table 3 , we show the mass distribution of our IMF. All of
he stars in this table have a He core mass less than 40.6 M �. The
ext three columns show the contribution from each overshooting 
alue. A clear gradient is noticeable in the absolute BH numbers
s a function of o v ershooting, which is a direct imprint from the
revious table. Very heavy BHs with masses M BH > 80 M � are only
ttainable at low o v ershooting. The maximum BH mass that can be
ttained with 0.3 o v ershooting is below 80 M �. This then forms a
radient of decreasing maximum BH mass as o v ershooting increases,
ulminating in a maximum BH mass of 65 −70 M � at αov = 0.5. 

Additionally, the proportion of BHs also changes drastically 
epending on o v ershooting value, with higher o v ershooting resulting
n fewer numbers of BHs in the same mass bin, as a correlative lower
 v ershooting value. An exception to this is in the lowest mass bracket,
here the progenitors have equal distributions across all values of 
 v ershooting. This is due to most of these BHs originating from the
0 to 70 M � initial mass range. 
The last three columns of Table 3 give the absolute numbers dis-

ributed in three metallicity bins. We notice a gradient towards lower
etallicities producing higher mass BHs, and in larger quantities. 
imilarly to high o v ershooting, the number of BHs drops off for
igher mass bins. From our equations, the heaviest BH is in the mass
ange 90 −95 M � and the required conditions are low o v ershooting
 αov ≤ 0.1) and low metallicity below 1/100th Z �. 

Even though low overshooting and low metallicity are the most 
ikely to produce the heaviest BHs, we can still see that large amounts
f mixing can still result in BH production inside of the PI mass gap.
his is counter-intuitive for such high o v ershooting, but encouraging,
s it shows that the PI mass gap still shrinks – even in the presence
f larger amounts of CBM. 
Finally, we quantify the ratio of low and high mass BHs within

he PI mass gap, in an effort to help inform observations. For this,
e will take the total number of BHs, across all metallicity and
ixing values, and include only the values within the 60 −70 M �
MNRAS 529, 2980–3002 (2024) 
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M

Figure 10. Graphical representation of the numbers plotted in Table 3 . Colours are arranged based on logarithmic metallicity in subfigure 10(a), and αov in 
subfigure 10(b). The x -axis represents each mass bin, while the y -axis is the total number of stars in that bin, coloured based on each parameter. 

Table 2. Based on a population of 240 000 stars, this table shows the proportion of each initial mass bin ( M ZAMS ) which forms BHs based on equation ( 8 ). 
The second column gives the number of stars in that mass bin as a fraction of the entire population – this is entirely based on the IMF. The next set of columns 
shows the ratio of models which form BHs under different values of o v ershooting ( αov ) for that population. The final column gives the number of BHs for that 
population as a fraction of the entire population of stars. 

M ZAMS N bin / N Total N αov = 0.1 N αov = 0 . 3 N αov = 0 . 5 N BH / N Total 

60–70 0.38 1/3 1/3 2/7 0.36 
70–80 0.27 1/3 1/5 0 0.14 
80–90 0.2 1/4 0 0 0.049 
90–100 0.15 0 0 0 0 

Table 3. This table, using the same data and population of 240 000 stars as the previous (Table 2 ), bins the masses of the BHs in brackets of 5 M �. The second 
column gives the total absolute number of BHs for each mass bin. Columns 3–5 separate the effects of o v ershooting, with each column contributing BHs from 

one value of αov . Columns 6–8 split the models up based on metallicity, with each column showing the contribution of a range of metallicities to the total BH 

population. 

M BH N BH N BH αov = 0.1 N BH αov = 0 . 3 N BH αov = 0 . 5 N BHSMC-10th N BH10th-100th N BH100th-1000th 

60–65 40 077 15 948 13 906 10 221 5512 15 845 18718 
65–70 26 137 13 420 10 918 1799 3782 10 383 11973 
70–75 16 800 10 314 6485 0 1970 6224 8606 
75–80 8890 8363 526 0 797 3887 4207 
80–85 5595 5595 0 0 0 2416 3179 
85–90 967 967 0 0 0 0 967 
90–95 0 0 0 0 0 0 0 
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nd 80 −90 M � brackets, representing the lowest and highest mass
Hs. We arrive at an approximate ratio of 10:1, rounded to the nearest

nteger. 

 DISCUSSION  

n this paper, we have shown that the critical CO (or He) core mass
oes not depend on stellar modelling inputs such as core o v ershooting
 αov ), initial rotation rate ( �), or semiconvection ( αsc ) (see upper
anel Fig. 3 ). The final mass ( M final ) and also the BH mass ( M BH )
NRAS 529, 2980–3002 (2024) 
o ho we ver depend on these inputs, but on some ( αov ) very strongly,
nd on others ( αsc ) hardly at all in this regime. One could ask the
uestion if there are any other parameters that we have not tested that
ould affect our results. Two notable aspects that have been discussed
n recent literature are the 12 C( α, γ ) 16 O reaction rate (Farmer et al.
019 ; Belczynski 2020 ; Costa et al. 2021 ) and envelope undershoot
Costa et al. 2021 ). We discuss these two aspects in the next few
aragraphs. 
We first tested the effects of varying the 12 C( α, γ ) 16 O reaction rate

n the M CO core mass near the PI gap. The thermonuclear reaction
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ates by Xu et al. ( 2013 ) in NACRE II, which are implemented
n the MESA code, are temperature-dependent and have upper and 
ower limits on the reaction for a given temperature range. As the
ncertainty on the 12 C( α, γ ) 16 O rate is not a simple gaussian, but
hanges non-linearly with temperature, we test the upper and lower 
imits of the nuclear reactions as provided by the experimental data 
n Xu et al. ( 2013 ). At an initial ZAMS mass of 90 M � our stellar
odels are at the PI limit, and as such we test the upper and lower

imits of the 12 C( α, γ ) 16 O rate at the critical point. For this initial
ass, the central temperature post-helium burning ranges from 0.4 

o 0.7 (10 9 /K). We therefore adopt the lower and upper rates from Xu
t al. ( 2013 ) for this temperature range, which corresponds to a factor
f 0.845 for the lower boundary and 1.16 for the upper boundary of
he standard reaction rate. Our results show that the M CO changes 
y at most 1–2 M � when adopting the lower or upper rates in this
emperature range. Note that we have not systematically run critical 
 CO experiments, as performed in for instance Farmer et al. ( 2020 )

or H-poor models. 
We next tested the effect of convective shell undershooting in our 

tellar models, with comparable αov = 0.1 during core H-burning 
nd αunder = 0.1 on the H-shell during core He-burning, near the PI
oundary with M ZAMS = 90 M �. We find that the effect on the
 CO core is negligible with a difference of only 0.4 M � when

ompared to models with no undershooting. Ho we ver, recent 3D 

ydrodynamic models (Cristini et al. 2016 , 2019 ; Rizzuti et al. 2023 )
how that due to the stiffness of the lower boundary of conv ectiv e
hells, which means that the boundary is harder to penetrate, the 
onv ectiv e undershoot value is found to be 1/5th of the upper
 v ershoot value. By comparing the bulk Richardson’s number in 
izzuti et al. ( 2022 ) Table 1 , we indeed see that the lower boundary is
pproximately 1/5th of the upper boundary for all 3D hydrodynamic 
odels. Moreo v er, by comparing the velocities of the lower and

pper conv ectiv e boundaries in their Fig. 3 , we see that the velocities
re significantly reduced at the lower boundary in comparison to the 
pper conv ectiv e boundary, confirming that the conv ectiv e mixing is
educed substantially below conv ectiv e shells. See also Cristini et al.
 2016 , 2019 ) and Rizzuti et al. ( 2023 ). 

So we have established that equation ( 9 ) may indeed represent
n accurate representations of the final masses ( M final ) of our
etailed stellar evolution modelling. However, what we have not 
et discussed if our BH masses are accurately represented. As we 
entioned at the start our strategy is to compute M final and on the

asis of hydrodynamical calculations of Fern ́andez et al. ( 2018 ) we
ssume this to be linked to the final BH masses. There is one more
mportant aspect of assumptions in our stellar evolution modelling 
o be discussed and that is how PPI might affect our results. As
entioned earlier, our lower PI boundary is the one between direct 
H formation versus the onset of PI. It will only be the models

owards the upper edge of the PI gap that will explode as PISNe,
hile those at lower masses may lose mass pulsationally and still

orm BHs. Fig. 2 in Farmer et al. ( 2019 ) is rather illustrative in
his conte xt. F or models just abo v e the BH/PI boundary it is shown
hat while PI pulses operate, this hardly affects the final masses.
nly when models are comfortably abo v e the BH/PI boundary (by

oughly 10 M �) do pulses remo v e significant amounts of mass that
ould affect our BH mass distribution (see also Woosley & Heger 
021 ). We will now estimate how PPI may affect our BH mass
istribution. 
First, our BH distribution is dominated by ZAMS masses in the 

ange of 50–90 M � while PI (including both PPI and PISNe) is
onsidered to occur between 90 and 130 M �. While we cannot
xactly tell the mass boundary between PPI and PISNe, we assume 
hat roughly half the objects in this 90–130 M � range produce
ISNe (thereby not contributing to BH formation) and the other 
alf producing PPI. It is only this ∼1/2 of the 90–130 M � mass
in that could affect our BH mass distribution. The second rele v ant
ealization is that the IMF dictates that there are ∼3 times more
tars in the mass bin between 50 and 90 M � than in the 90 and
30 M � range. In other words, our BH mass distribution could be
ffected by about a factor 1/2 × 1/3 = 1/6, and is considered to
e 83 per cent accurate. Future hydrodynamical PPI modelling is 
xpected to improve our BH mass distribution. 

In any case, despite this potential pollution, we can be confident
hat our BH mass provides meaningful insights into the true BH

ass distribution for single stars. And while in the case of BH–BH
erger e vents, binary e volution (Belczynski et al. 2016 ; Brei vik et al.

016 ; Kruckow et al. 2018 ; Marchant et al. 2019 ; Bavera et al. 2020 ;
roekgaarden et al. 2021 ) would need to be contemplated, especially

f the bulk of BH–BH mergers would arise from the isolated binary
cenario, we would expect binary evolution affects to mostly affect 
he lower range of our BH mass distribution. The upper part of
ur BH mass distribution, and especially the maximum BH mass, 
s not expected to depend on such additional complexities. In any
ase, even if we do not perform binary evolution, and cannot predict
W rates or the o v erall BH distribution originating from binary
 volution, the specific observ ational BH maximum feature in the
IGO/Virgo data (of O 4 and beyond) can be tested in a meaningful
ay against our maximum BH mass from single star evolution. 
hould the maximum (below PI) BH mass indeed turn out to be close

o 93 M � then this would provide confidence in our understanding
f stellar evolution of the most massive stars. Should the maximum
H distribution appear notably different instead, then this would 
hallenge our understanding of stellar evolution. One of the aspects 
hat we would be particularly interested in testing further is that of
ov as this is the parameter that is empirically still highly uncertain,
et we found it to have the largest effect. 

Should even the uncertain stellar physics of CBM be resolved, but
ur predictions would differ from the GW features then this might
ndicate that the nuclear Astrophysics, and in particular the uncertain 
2 C ( α, γ ) 16 O rate (Takahashi 2018 ; Farmer et al. 2020 ; Shen et al.
020 ; Farag et al. 2022 ), should be adapted. 

 C O N C L U S I O N S  

e have systematically investigated the PI region for very massive 
tars according to varying parameters of initial mass, o v ershooting,
etallicity, rotation and semiconvection using the MESA stellar 

volution code. In doing so, we have mapped out the effect of each
f these parameters independently, and in relation to each other. 
his study also reduced the number of assumptions made about the

ormation of BHs in this region by considering the full evolution of
he stars. 

A summary of our conclusions is as follows: 

(i) We find the PI boundary at critical core masses of M 

critical 
CO >

6 . 3 ± 1 . 8 M � for carbon–oxygen M 

critical 
He > 40 . 6 ± 1 . 5 M � for

elium. 
(ii) The absolute maximum ZAMS mass for a first-generation BH 

n the PI boundary is � 93.3 M �, which would also be the maximum
H mass in the physical limit. 
(iii) While the upper limit of final mass is very strict in terms

f appropriate parameters, stars of lower final mass are able to
ave higher values of rotation or o v ershooting. Ho we ver rotation
MNRAS 529, 2980–3002 (2024) 
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nd o v ershooting remain the dominant parameters in limiting the
aximum initial mass for BHs. 
(iv) We have analytically fit the core mass and final mass of the

tar to a pair of equations (equations 8 and 9 ) which, together, provide
 picture of the entire massive BH parameter space. 

(v) As per our equations, o v ershooting is the dominant parameter
or determining core size, aside from initial mass. Metallicity is the
ominant parameter for determining envelope mass, and thus also
rospective BH mass. 
(vi) Rotation is also an important parameter, and is the only

arameter which has a large effect with regards to both core mass
nd envelope mass. Additionally, rotation is able to influence the
otential for a model to undergo supercritical mass-loss; ho we ver,
his is also dependent on metallicity. Thus, high rotation ( �/ �crit 

 0.4) could stop BH production at low metallicity ( Z < 1/100th
 �). 
(vii) Contrary to the case of lower mass BSGs (Langer & Maeder

995 ; Schootemeijer et al. 2019 ; Higgins & Vink 2020 ), semicon-
ection is seen to be unimportant at our very high-mass range, as it
s completely o v ershadowed by o v ershooting and rotation. 

(viii) Lastly, we produce a population of BH candidates using
ur aforementioned equations to inform the distribution of stars.
rom this, we estimate that the ratio of producing a BH in the lower
oundary of the mass gap (60 −70 M �) compared to the maximum
80 −90 M �) is approximately 10:1. 
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PPENDI X  A :  TA BLE  O F  M O D E L S  

ummary of all models run as part of the main grid. The first 5
olumns describe the parameters of the models, while the 6th and
th columns give the TAMS mass and helium core mass. The last
hree columns provide the final mass, CO core, and helium core

asses. Models which did not reach core helium exhaustion did not
enerate a CO core, and so their M CO core property is left with a
ash. Models that likewise did not reach TAMS due to supercritical
otation also have their TAMS columns properties ( M TAMS , M He )
eplaced by a dash. 
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Z M i αov �/ �crit αsc M TAMS M He M f M CO M He 

10 −3 60 0.1 0.2 1 59 27 59 23 27 
10 −3 60 0.1 0.2 100 59 27 59 23 28 
10 −3 60 0.1 0.4 1 59 53 59 − 53 
10 −3 60 0.1 0.4 100 59 53 59 − 53 
10 −3 60 0.3 0.2 1 59 29 59 27 30 
10 −3 60 0.3 0.2 100 59 29 59 − 14 
10 −3 60 0.3 0.4 1 59 55 59 − 55 
10 −3 60 0.3 0.4 100 59 55 59 − 55 
10 −3 60 0.5 0.2 1 59 33 59 31 34 
10 −3 60 0.5 0.2 100 59 33 59 30 33 
10 −3 60 0.5 0.4 1 59 56 59 − 56 
10 −3 60 0.5 0.4 100 59 56 59 − 56 

10 −2 60 0.1 0.2 1 59 26 58 24 28 
10 −2 60 0.1 0.2 100 59 30 58 29 33 
10 −2 60 0.1 0.4 1 59 53 59 − 53 
10 −2 60 0.1 0.4 100 59 53 59 − 53 
10 −2 60 0.3 0.2 1 59 29 58 26 30 
10 −2 60 0.3 0.2 100 59 30 58 25 28 
10 −2 60 0.3 0.4 1 59 55 59 − 55 
10 −2 60 0.3 0.4 100 59 55 59 − 55 
10 −2 60 0.5 0.2 1 59 33 58 32 35 
10 −2 60 0.5 0.2 100 59 33 58 32 35 
10 −2 60 0.5 0.4 1 59 56 59 − 56 
10 −2 60 0.5 0.4 100 59 56 59 − 56 

10 −1 60 0.1 0.2 1 56 24 55 23 26 
10 −1 60 0.1 0.2 100 56 26 55 23 27 
10 −1 60 0.1 0.4 1 54 31 49 31 35 
10 −1 60 0.1 0.4 100 54 31 47 31 35 
10 −1 60 0.3 0.2 1 56 28 55 26 30 
10 −1 60 0.3 0.2 100 56 28 55 25 29 
10 −1 60 0.3 0.4 1 54 34 47 33 37 
10 −1 60 0.3 0.4 100 54 34 48 33 37 
10 −1 60 0.5 0.2 1 54 33 52 32 36 
10 −1 60 0.5 0.2 100 54 33 52 32 36 
10 −1 60 0.5 0.4 1 54 39 48 38 42 
10 −1 60 0.5 0.4 100 54 39 48 38 42 

SMC 60 0.1 0.2 1 54 23 53 21 25 
SMC 60 0.1 0.2 100 55 23 53 21 24 
SMC 60 0.1 0.4 1 52 27 48 26 30 
SMC 60 0.1 0.4 100 52 27 49 26 30 
SMC 60 0.3 0.2 1 53 28 50 28 31 
SMC 60 0.3 0.2 100 53 28 51 26 30 
SMC 60 0.3 0.4 1 51 31 48 30 34 
SMC 60 0.3 0.4 100 51 31 47 30 34 
SMC 60 0.5 0.2 1 51 33 48 32 35 
SMC 60 0.5 0.2 100 51 33 48 32 35 
SMC 60 0.5 0.4 1 50 35 46 35 38 
SMC 60 0.5 0.4 100 50 35 45 35 39 

10 −3 80 0.1 0.2 1 79 38 79 33 38 
10 −3 80 0.1 0.2 100 79 38 79 45 51 
10 −3 80 0.1 0.4 1 − − 79 − 72 
10 −3 80 0.1 0.4 100 − − 79 − 72 
10 −3 80 0.3 0.2 1 79 41 79 36 39 
10 −3 80 0.3 0.2 100 79 49 79 47 51 
10 −3 80 0.3 0.4 1 − − 79 − 74 
10 −3 80 0.3 0.4 100 − − 79 − 74 
10 −3 80 0.5 0.2 1 79 47 79 45 49 
10 −3 80 0.5 0.2 100 79 47 79 45 48 
10 −3 80 0.5 0.4 1 79 75 79 − 75 
10 −3 80 0.5 0.4 100 79 75 79 − 75 

10 −2 80 0.1 0.2 1 78 37 77 34 39 
10 −2 80 0.1 0.2 100 78 43 77 41 46 
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continued 

Z M i αov �/ �crit αsc M TAMS M He M f M CO M He 

10 −2 80 0.1 0.4 1 78 72 78 − 72 
10 −2 80 0.1 0.4 100 78 72 78 − 72 
10 −2 80 0.3 0.2 1 78 42 77 37 41 
10 −2 80 0.3 0.2 100 78 41 77 37 41 
10 −2 80 0.3 0.4 1 78 74 78 − 74 
10 −2 80 0.3 0.4 100 78 74 78 − 74 
10 −2 80 0.5 0.2 1 78 47 77 45 49 
10 −2 80 0.5 0.2 100 78 47 77 45 49 
10 −2 80 0.5 0.4 1 78 75 78 − 75 
10 −2 80 0.5 0.4 100 78 75 78 − 75 

10 −1 80 0.1 0.2 1 74 35 72 32 36 
10 −1 80 0.1 0.2 100 74 36 71 33 37 
10 −1 80 0.1 0.4 1 71 42 66 41 46 
10 −1 80 0.1 0.4 100 71 42 65 41 46 
10 −1 80 0.3 0.2 1 73 41 70 37 42 
10 −1 80 0.3 0.2 100 73 41 70 36 40 
10 −1 80 0.3 0.4 1 71 46 61 44 49 
10 −1 80 0.3 0.4 100 71 46 62 43 48 
10 −1 80 0.5 0.2 1 71 47 67 45 49 
10 −1 80 0.5 0.2 100 71 47 67 45 49 
10 −1 80 0.5 0.4 1 71 55 62 53 58 
10 −1 80 0.5 0.4 100 71 55 64 53 58 

SMC 80 0.1 0.2 1 71 33 68 31 35 
SMC 80 0.1 0.2 100 71 33 68 30 34 
SMC 80 0.1 0.4 1 67 38 63 37 41 
SMC 80 0.1 0.4 100 67 38 62 36 41 
SMC 80 0.3 0.2 1 67 40 63 40 43 
SMC 80 0.3 0.2 100 67 40 63 39 43 
SMC 80 0.3 0.4 1 67 43 61 42 46 
SMC 80 0.3 0.4 100 67 43 61 40 45 
SMC 80 0.5 0.2 1 63 46 57 45 48 
SMC 80 0.5 0.2 100 63 46 56 45 48 
SMC 80 0.5 0.4 1 64 50 56 49 53 
SMC 80 0.5 0.4 100 64 50 57 49 53 

10 −3 90 0.1 0.2 1 89 43 89 39 45 
10 −3 90 0.1 0.2 100 89 46 89 42 48 
10 −3 90 0.1 0.4 1 89 81 89 − 81 
10 −3 90 0.1 0.4 100 89 81 89 − 81 
10 −3 90 0.3 0.2 1 89 47 89 40 40 
10 −3 90 0.3 0.2 100 89 48 89 41 41 
10 −3 90 0.3 0.4 1 − − 89 − 84 
10 −3 90 0.3 0.4 100 − − 89 − 84 
10 −3 90 0.5 0.2 1 89 54 89 52 56 
10 −3 90 0.5 0.2 100 89 54 89 46 46 
10 −3 90 0.5 0.4 1 89 85 89 − 85 
10 −3 90 0.5 0.4 100 89 85 89 − 85 

10 −2 90 0.1 0.2 1 88 43 87 39 45 
10 −2 90 0.1 0.2 100 88 46 87 41 47 
10 −2 90 0.1 0.4 1 88 80 88 − 80 
10 −2 90 0.1 0.4 100 88 80 88 − 80 
10 −2 90 0.3 0.2 1 88 47 87 43 48 
10 −2 90 0.3 0.2 100 88 48 87 41 44 
10 −2 90 0.3 0.4 1 88 83 88 − 83 
10 −2 90 0.3 0.4 100 88 83 88 − 83 
10 −2 90 0.5 0.2 1 88 54 87 51 55 
10 −2 90 0.5 0.2 100 88 54 87 52 56 
10 −2 90 0.5 0.4 1 88 85 88 − 85 
10 −2 90 0.5 0.4 100 88 85 88 − 85 

10 −1 90 0.1 0.2 1 82 40 80 36 41 
10 −1 90 0.1 0.2 100 82 42 80 38 43 
10 −1 90 0.1 0.4 1 80 48 73 47 53 
10 −1 90 0.1 0.4 100 80 50 70 48 53 
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continued 

Z M i αov �/ �crit αsc M TAMS M He M f M CO M He 

10 −1 90 0.3 0.2 1 81 47 78 43 48 
10 −1 90 0.3 0.2 100 81 47 78 43 47 
10 −1 90 0.3 0.4 1 79 53 69 51 56 
10 −1 90 0.3 0.4 100 79 53 70 50 56 
10 −1 90 0.5 0.2 1 79 54 75 52 56 
10 −1 90 0.5 0.2 100 79 54 75 52 56 
10 −1 90 0.5 0.4 1 79 62 69 60 65 
10 −1 90 0.5 0.4 100 79 62 69 60 65 

SMC 90 0.1 0.2 1 79 38 75 36 40 
SMC 90 0.1 0.2 100 79 39 75 35 39 
SMC 90 0.1 0.4 1 75 43 70 41 47 
SMC 90 0.1 0.4 100 75 43 69 41 46 
SMC 90 0.3 0.2 1 74 46 69 45 50 
SMC 90 0.3 0.2 100 74 46 69 45 49 
SMC 90 0.3 0.4 1 74 49 68 48 52 
SMC 90 0.3 0.4 100 74 49 66 46 51 
SMC 90 0.5 0.2 1 68 52 58 51 56 
SMC 90 0.5 0.2 100 67 52 59 51 56 
SMC 90 0.5 0.4 1 72 57 64 56 60 
SMC 90 0.5 0.4 100 72 57 64 56 60 

10 −3 100 0.1 0.2 1 99 50 99 45 51 
10 −3 100 0.1 0.2 100 99 51 99 44 50 
10 −3 100 0.1 0.4 1 − − 99 − 90 
10 −3 100 0.1 0.4 100 − − 99 − 90 
10 −3 100 0.3 0.2 1 99 55 99 45 45 
10 −3 100 0.3 0.2 100 99 54 99 43 43 
10 −3 100 0.3 0.4 1 − − 99 − 93 
10 −3 100 0.3 0.4 100 − − 99 − 93 
10 −3 100 0.5 0.2 1 99 59 99 55 57 
10 −3 100 0.5 0.2 100 99 61 99 58 63 
10 −3 100 0.5 0.4 1 − − 99 − 95 
10 −3 100 0.5 0.4 100 − − 99 − 95 

10 −2 100 0.1 0.2 1 98 49 97 44 50 
10 −2 100 0.1 0.2 100 98 53 97 47 54 
10 −2 100 0.1 0.4 1 98 89 98 − 89 
10 −2 100 0.1 0.4 100 98 89 98 − 89 
10 −2 100 0.3 0.2 1 98 54 96 45 51 
10 −2 100 0.3 0.2 100 98 55 97 45 45 
10 −2 100 0.3 0.4 1 98 92 98 − 92 
10 −2 100 0.3 0.4 100 98 92 98 − 92 
10 −2 100 0.5 0.2 1 97 61 96 59 63 
10 −2 100 0.5 0.2 100 97 61 96 59 64 
10 −2 100 0.5 0.4 1 98 94 98 − 94 

10 −1 100 0.1 0.2 1 91 45 88 41 47 
10 −1 100 0.1 0.2 100 91 49 88 44 50 
10 −1 100 0.1 0.4 1 88 54 81 52 58 
10 −1 100 0.1 0.4 100 88 54 80 51 57 
10 −1 100 0.3 0.2 1 89 53 86 51 55 
10 −1 100 0.3 0.2 100 89 53 86 51 55 
10 −1 100 0.3 0.4 1 88 60 77 57 63 
10 −1 100 0.3 0.4 100 88 60 78 57 63 
10 −1 100 0.5 0.2 1 87 60 82 58 63 
10 −1 100 0.5 0.2 100 87 60 82 58 63 
10 −1 100 0.5 0.4 1 87 69 77 67 72 
10 −1 100 0.5 0.4 100 87 69 77 67 72 

SMC 100 0.1 0.2 1 87 44 83 40 46 
SMC 100 0.1 0.2 100 87 44 83 39 45 
SMC 100 0.1 0.4 1 83 49 76 46 52 
SMC 100 0.1 0.4 100 83 49 76 46 52 
SMC 100 0.3 0.2 1 81 52 75 51 56 
SMC 100 0.3 0.2 100 81 52 75 51 55 
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continued 

Z M i αov �/ �crit αsc M TAMS M He M f M CO M He 

SMC 100 0.3 0.4 1 82 55 74 54 59 
SMC 100 0.3 0.4 100 82 55 72 52 58 
SMC 100 0.5 0.2 1 75 59 66 58 62 
SMC 100 0.5 0.2 100 76 59 66 57 62 
SMC 100 0.5 0.4 1 79 64 71 62 67 
SMC 100 0.5 0.4 100 79 64 71 62 67 

10 −3 110 0.1 0.2 1 109 55 109 49 56 
10 −3 110 0.1 0.2 100 109 56 109 52 59 
10 −3 110 0.1 0.4 1 − − 109 − 99 
10 −3 110 0.1 0.4 100 − − 109 − 99 
10 −3 110 0.3 0.2 1 109 60 109 56 61 
10 −3 110 0.3 0.2 100 109 60 109 50 50 
10 −3 110 0.3 0.4 1 − − 109 − 102 
10 −3 110 0.3 0.4 100 − − 109 − 102 
10 −3 110 0.5 0.2 1 109 66 109 53 53 
10 −3 110 0.5 0.2 100 109 68 109 64 69 
10 −3 110 0.5 0.4 1 − − 109 − 104 
10 −3 110 0.5 0.4 100 − − 109 − 104 

10 −2 110 0.1 0.2 1 107 55 106 49 56 
10 −2 110 0.1 0.2 100 107 57 107 52 58 
10 −2 110 0.1 0.4 1 108 96 108 − 96 
10 −2 110 0.1 0.4 100 108 96 108 − 96 
10 −2 110 0.3 0.2 1 107 62 106 48 48 
10 −2 110 0.3 0.2 100 108 61 107 50 50 
10 −2 110 0.3 0.4 1 108 101 108 − 101 
10 −2 110 0.3 0.4 100 108 101 108 − 101 
10 −2 110 0.5 0.2 1 107 67 106 64 68 
10 −2 110 0.5 0.2 100 107 68 106 64 69 
10 −2 110 0.5 0.4 1 108 104 108 − 103 
10 −2 110 0.5 0.4 100 108 104 108 − 103 

10 −1 110 0.1 0.2 1 100 51 97 46 52 
10 −1 110 0.1 0.2 100 100 53 96 48 54 
10 −1 110 0.1 0.4 1 97 60 89 58 64 
10 −1 110 0.1 0.4 100 97 61 88 57 64 
10 −1 110 0.3 0.2 1 97 60 93 58 63 
10 −1 110 0.3 0.2 100 97 60 93 58 62 
10 −1 110 0.3 0.4 1 96 67 85 63 69 
10 −1 110 0.3 0.4 100 96 67 87 63 69 
10 −1 110 0.5 0.2 1 94 67 89 65 70 
10 −1 110 0.5 0.2 100 94 67 89 65 70 
10 −1 110 0.5 0.4 1 95 76 84 73 79 
10 −1 110 0.5 0.4 100 95 76 84 73 79 

SMC 110 0.1 0.2 1 95 49 90 46 51 
SMC 110 0.1 0.2 100 95 49 90 45 50 
SMC 110 0.1 0.4 1 90 54 83 52 58 
SMC 110 0.1 0.4 100 90 54 80 50 57 
SMC 110 0.3 0.2 1 86 58 79 57 62 
SMC 110 0.3 0.2 100 87 58 79 57 62 
SMC 110 0.3 0.4 1 89 62 78 60 65 
SMC 110 0.3 0.4 100 89 62 76 59 64 
SMC 110 0.5 0.2 1 83 66 73 64 69 
SMC 110 0.5 0.2 100 83 66 73 64 69 
SMC 110 0.5 0.4 1 86 71 78 69 74 
SMC 110 0.5 0.4 100 86 71 78 69 74 

10 −3 120 0.1 0.2 1 119 60 119 54 60 
10 −3 120 0.1 0.2 100 119 68 119 65 71 
10 −3 120 0.1 0.4 1 − − 119 − 103 
10 −3 120 0.1 0.4 100 − − 119 − 105 
10 −3 120 0.3 0.2 1 119 65 119 58 64 
10 −3 120 0.3 0.2 100 119 65 119 54 58 
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continued 

Z M i αov �/ �crit αsc M TAMS M He M f M CO M He 

10 −3 120 0.3 0.4 1 − − 119 − 111 
10 −3 120 0.3 0.4 100 − − 119 − 111 
10 −3 120 0.5 0.2 1 119 75 119 71 77 
10 −3 120 0.5 0.2 100 119 75 119 71 77 
10 −3 120 0.5 0.4 1 − − 119 − 114 
10 −3 120 0.5 0.4 100 − − 119 − 114 

10 −2 120 0.1 0.2 1 117 61 116 55 61 
10 −2 120 0.1 0.2 100 117 68 116 63 70 
10 −2 120 0.1 0.4 1 118 105 118 − 105 
10 −2 120 0.1 0.4 100 118 95 118 − 100 
10 −2 120 0.3 0.2 1 117 66 116 60 64 
10 −2 120 0.3 0.2 100 117 66 114 78 84 
10 −2 120 0.3 0.4 1 118 110 118 − 110 
10 −2 120 0.3 0.4 100 118 110 118 − 110 
10 −2 120 0.5 0.2 1 117 75 116 71 76 
10 −2 120 0.5 0.2 100 117 75 115 72 77 
10 −2 120 0.5 0.4 1 118 113 118 − 113 
10 −2 120 0.5 0.4 100 118 113 118 − 113 

10 −1 120 0.1 0.2 1 108 56 105 51 57 
10 −1 120 0.1 0.2 100 108 57 105 52 58 
10 −1 120 0.1 0.4 1 106 65 98 61 68 
10 −1 120 0.1 0.4 100 105 68 95 65 72 
10 −1 120 0.3 0.2 1 105 66 101 64 69 
10 −1 120 0.3 0.2 100 105 66 101 64 69 
10 −1 120 0.3 0.4 1 105 73 93 69 75 
10 −1 120 0.3 0.4 100 105 73 92 68 75 
10 −1 120 0.5 0.2 1 102 74 95 72 77 
10 −1 120 0.5 0.2 100 102 74 95 72 77 
10 −1 120 0.5 0.4 1 104 83 90 80 85 
10 −1 120 0.5 0.4 100 104 83 90 80 85 

SMC 120 0.1 0.2 1 103 54 97 50 56 
SMC 120 0.1 0.2 100 103 55 97 50 55 
SMC 120 0.1 0.4 1 98 59 89 57 63 
SMC 120 0.1 0.4 100 98 60 88 56 63 
SMC 120 0.3 0.2 1 91 64 78 63 68 
SMC 120 0.3 0.2 100 91 64 78 63 68 
SMC 120 0.3 0.4 1 97 68 83 66 72 
SMC 120 0.3 0.4 100 97 68 83 65 71 
SMC 120 0.5 0.2 1 91 73 80 70 76 
SMC 120 0.5 0.2 100 91 73 80 71 76 
SMC 120 0.5 0.4 1 92 78 86 76 81 
SMC 120 0.5 0.4 100 92 78 86 76 81 

10 −3 150 0.1 0.2 1 149 79 148 70 79 
10 −3 150 0.1 0.2 100 149 84 148 77 85 
10 −3 150 0.1 0.4 1 − − 149 − 130 
10 −3 150 0.1 0.4 100 − − 149 − 129 
10 −3 150 0.3 0.2 1 149 86 149 64 64 
10 −3 150 0.3 0.2 100 149 84 149 72 80 
10 −3 150 0.3 0.4 1 − − 149 − 129 
10 −3 150 0.3 0.4 100 − − 149 − 130 
10 −3 150 0.5 0.2 1 149 97 148 92 98 
10 −3 150 0.5 0.2 100 149 97 148 92 98 
10 −3 150 0.5 0.4 1 − − 149 − 140 
10 −3 150 0.5 0.4 100 − − 149 − 140 

10 −2 150 0.1 0.2 1 146 79 145 71 79 
10 −2 150 0.1 0.2 100 146 80 145 72 80 
10 −2 150 0.1 0.4 1 147 123 147 − 123 
10 −2 150 0.1 0.4 100 147 129 147 − 129 
10 −2 150 0.3 0.2 1 146 84 145 69 69 
10 −2 150 0.3 0.2 100 146 83 142 100 107 
10 −2 150 0.3 0.4 1 147 131 147 − 131 
10 −2 150 0.3 0.4 100 147 121 147 − 122 
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continued 

Z M i αov �/ �crit αsc M TAMS M He M f M CO M He 

10 −2 150 0.5 0.2 1 145 96 144 91 98 
10 −2 150 0.5 0.2 100 146 96 144 91 98 
10 −2 150 0.5 0.4 1 − − 147 − 134 
10 −2 150 0.5 0.4 100 147 134 147 − 134 

10 −1 150 0.1 0.2 1 134 73 129 67 74 
10 −1 150 0.1 0.2 100 134 75 129 68 75 
10 −1 150 0.1 0.4 1 131 84 119 79 87 
10 −1 150 0.1 0.4 100 131 84 116 78 86 
10 −1 150 0.3 0.2 1 129 85 123 82 88 
10 −1 150 0.3 0.2 100 129 85 123 82 88 
10 −1 150 0.3 0.4 1 130 91 114 85 92 
10 −1 150 0.3 0.4 100 130 91 114 84 93 
10 −1 150 0.5 0.2 1 118 95 104 92 98 
10 −1 150 0.5 0.2 100 118 95 103 92 98 
10 −1 150 0.5 0.4 1 128 104 112 100 107 
10 −1 150 0.5 0.4 100 128 104 112 100 106 

SMC 150 0.1 0.2 1 124 71 116 67 74 
SMC 150 0.1 0.2 100 122 72 113 66 73 
SMC 150 0.1 0.4 1 120 77 105 74 81 
SMC 150 0.1 0.4 100 120 77 99 72 80 
SMC 150 0.3 0.2 1 110 82 91 81 87 
SMC 150 0.3 0.2 100 110 82 93 81 87 
SMC 150 0.3 0.4 1 120 88 97 86 92 
SMC 150 0.3 0.4 100 119 88 100 85 92 
SMC 150 0.5 0.2 1 115 93 101 90 97 
SMC 150 0.5 0.2 100 115 94 101 90 97 
SMC 150 0.5 0.4 1 112 98 107 95 101 
SMC 150 0.5 0.4 100 112 98 107 95 101 
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PPEN D IX  B:  R ESOLUTION  TEST  

n order to ensure that our chosen resolution was converged, we con-
ucted a resolution test which we define here. As of version r15140,
ESA has two forms of top-level resolution definition for controlling 

emporal and spatial resolutions – these are time delta coefficient 
nd mesh delta coefficient , though there are many more parameters 
hich exist (for examples and included resolution tests, there is 
armer et al. ( 2019 ) and Costa et al. ( 2022 ). This version is

he first to include the time delta coefficient parameter. Previously, 
esolution control for the time domain was achieved through varying 
ar control tar get . This is now discouraged, and a limit of varcon-
rol target > 1 d − 4 is imposed by default, though this can be o v er-
idden. For completeness, variations in var control tar get were also 
ested. 

To attempt to optimize the resolution which would eventually be 
hosen, the evolution of the star up to the end of core helium burning
as split into two stages. In this way, the resolution could be tailored

o each burning stage to pro vide conv erged results as quickly as
ossible. The first stage co v ered the star’s evolution from Hydrogen
gnition at the ZAMS to the terminal age main sequence (TAMS).
icking up where the first stage left off, the second stage continues

he life of the star to the end of Helium burning in the core. 
When splitting the model, we took advantage of a feature present 

n MESA which allows a model to be saved upon termination of the
un. Ho we ver, this does not save the internal profile of the model
pon termination, unlike the photo files. MESA warns that this is
he case, and further suggests that this should not cause particularly 
 gre gious div ergences between a model run from the .mod file or run
s one continuous model. Ho we ver, for our test case, it was found
hat considerable differences could be seen in the later stages of
volution for stars run in our grid. For the purposes of the resolution
est, since the tests were to examine convergence, using the .mod files
as acceptable as the physics does not change, merely the internal

tructure. 
Three series of tests were conducted. One which varied 

ime delta coefficient , another varying varcontrol target and a fi-
al smaller series varying mesh delta coefficient . During the Main
equence stage, all resolutions showed consistent results for the 
nal properties of the model, which can be seen in the left-hand
anels of Figs B1 , B2 , and B3 . While var control tar get shows a
onvergence towards 1 d − 4, it is noted that the range of values which
his encompasses are small in comparison to the total model. The
patial resolution test, mesh delta coefficient , showed little variation 
etween models as well at this stage, as did time delta coefficient . 

When moving into the core Helium burning stage, time delta coeff
howed a bifurcation in the results, showcased in the right-hand panel
f Fig. B2 . While most models would act typically, and complete core 
elium burning in an expected manner (herein referred to as ‘Case
’), some models would appear to continue past Helium burning. 
or the models which kept going (herein described as ‘Case 2’),

he error started near the end of where Helium burning should’ve
nded, at which point a small error regarding minimum abundances 
ropagated. These errors compounded, which eventually leads to the 
odel continuing past core helium burning into core carbon burning. 

f running the MESA ‘Vink’ wind recipe, the model will lose as much
s 30 M �. Ho we ver, if using the corrected iron abundance recipe
entioned before, the star will still lose mass, but only 2 ∼ 3 M � in

omparison. This is due to how each recipe handles the metallicity
ependence of Vink, de Koter & Lamers ( 2001 ). In default MESA

Vink’ wind, this recipe accounts for all metals present at the surface
MNRAS 529, 2980–3002 (2024) 
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M

Figure B1. Final mass of stellar models run in parallel for the same stage of evolution. The left-hand panel is for main sequence evolution, while the right-hand 
panel is for TAMS until core-helium exhaustion. All models were started from the same initial model, except for a different resolution parameter – in this case, 
var control tar get . 

Figure B2. Similar to the abo v e panel, e xcept that instead of var control tar get , the varying resolution parameter is time delta coeff . The bifurcation of results 
can be seen in the right-hand panel, co v ering TAMS to core-helium exhaustion. Where some results would remain abo v e 80 M �, others would lose as much as 
30 M � of stellar material. 

Figure B3. Initial tests conducted with varying mesh delta coeff for each stage. Hydrogen burning is shown on the left, while helium burning is on the right as 
before. 
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f the star when calculating the mass-loss in each time-step. This
o we ver, is incorrect, and instead the recipe should only depend on
urface iron abundances. 

Upon deeper investigation, this issue was caused by use of the
e xponential’ o v ershooting prescription in MESA . Thus, by using
he ‘step’ o v ershooting prescription in MESA , the models would not
ncounter the same issues with regards to abundance changes, and
he follow-on errors which occurred. Exponential o v ershooting will
roduce a gradient of elements and products of the CNO cycle above
he core as this is mixed in gradually. If the shell dips downwards in to
he core during the early core helium burning stage, then this would
NRAS 529, 2980–3002 (2024) 
ause a change of one of the CNO elements in the hydrogen-burning
hell region’s boundary. As the shell region is fully convective,
nd full convection results in instantaneous mixing. This leads to
n o v erabundance of a CNO element throughout the shell. MESA

ould then correct for this by increasing the abundances of the
ther elements – o v ercorrecting the abundance. When this occurs,
he model evolves as per the Case 2 model, rather than the typical
ase 1 model. Some time after, the entire star becomes conv ectiv e,
hich mixes the high abundance of metals all the way to the surface,
here the wind is calculated, which thus produces the unrealistically
igh mass-loss rates. 
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Figure D1. Sketch of optical wind thickness as a factor of metallicity and 
ZAMS mass. The blue region denotes the region where the star has a high 	 e 

for the entire main sequence, while the orange region describes a star has a 
low 	 e for the entire main sequence. Purple has a high 	 e on the cool side of 
the bi-stability jump (Sabhahit et al. 2023 ). Our grid is bounded by the yellow 

dashed line, while the models with highest final masses ( M final > 50 M �) and 
M CO < 36.3 M � are denoted by the yellow box. 
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Whereas e xponential o v ershooting, by its name, e xponentially 
educes the o v ershooting o v er a distance parameter f 0 , step o v er-
hooting is instead a simple function of extending the core by a
istance described by αov . This means that all elements in this region
re fully mixed, and so when the shell touches the step o v ershooting
egion as it does in the Case 2 models mentioned before, there is no
radient of elements that the shell then corrects for. This is then fully
ixed, which a v oids the correction. 
Given the results of our resolution test, we decide to use a value

f var control tar get of 2 d − 4, while both time delta coefficient and
esh delta coefficient were left at their default values. Additionally, 
e use the step o v ershooting prescription. 

PPEN D IX  C :  H I G H  � MODELS,  A N D  � AT  

OW  Z 

n Section 4 , we have discussed the effects we have observed in our
odels, including the effects of low versus high rotation. Another 

ffect which we have also discussed is the spin-up to supercritical 
reakup speeds for rotation as a function of decreasing metallicity, 
he conclusion of which is illustrated by Fig. 7 . With this appendix,
e will summarize our results in the context of current and potential

uture work. 
As mentioned, we find a metallicity-dependent limit of rotation 

hich could prohibit formation of heavy BHs at lower metallicity. 
e also expect the distribution of rotation rates to shift upwards at

ower metallicity due to the lack of angular momentum loss through 
inds, which would further truncate the limit on the number of BHs
ith M BH > 50 M �. 
There is evidence from earlier works such as Meynet, Ekstr ̈om
 Maeder ( 2006 ) which show that a star which reaches breakup

elocity and become unbound experiences a period of intense mass- 
oss until the remaining star can become gravitationally bound again. 
or models in Meynet, Ekstr ̈om & Maeder ( 2006 ), this was achieved
y removing supercritical layers, then allowing the star to stabilise, 
hich resulted in mass-loss in the range of 35 ∼ 42 M � from a
0 M � star at varying metallicity and rotation rates (see Table 1 from
forementioned paper). We can estimate from this that the mass- 
oss for our stars, which are the same mass or greater than those of

eynet, Ekstr ̈om & Maeder ( 2006 ) would be similarly dramatic. 
In a small subset of models, we implemented the 	� mass- 

oss boost factor of Maeder & Meynet ( 2000b ) which we find can
ramatically change the effect of rotation in the high rotation, low 

etallicity regime. Firstly, the effect of this boost allows the model 
o a v oid becoming supercritical by boosting the mass-loss as a factor
iven in equation ( C1 ), which increases dramatically as the rotation
ate gets close to critical, thus allowing more angular momentum to 
e lost before the model becomes supercritical. This was seen to stop
odels from reaching breakup speeds up to initial rotation values of
/ �crit = 0.8. 
The MESA implementation of rotation boosted mass-loss is from 

eger, Langer & Woosley ( 2000 ) and Langer ( 1998 ), where mass-
oss is boosted by a parameter of [1/(1 − �/ �crit )] ξ , where ξ is the fit
alue, nominally ξ = 0.43. This, however, does not account for the 
on Zeipel theorem (Maeder & Meynet 2000b ). In Maeder & Meynet
 2000b ), the equation of rotation boosted mass-loss is as follows: 

Ṁ ( �) 

Ṁ (0) 
� 

(1 − 	) 
1 
α −1 

[ 
1 − �2 

2 πGρm 
− 	 

] 1 
α −1 

, (C1) 

hich is given in their equation 4.29 and correctly accounts for the
on Zeipel theorem. 
Rotation in MESA is handled as a dif fusi ve mixing process (Paxton
t al. ( 2013 ), Section 6.1.2 for MESA implementation, and references
herein for complete physical descriptions) compared to other stellar 
volution codes which handle rotation as diffusion-advection ap- 
roach, notably the GENEC stellar evolution code (Eggenberger et al. 
008 ). The main difference between these two methods arises in the
ransport of angular momentum, as the dif fusi ve process determined
sed by MESA considers various instabilities, discussed briefly in Sec- 
ion 2 of this paper, and in more detail in Heger, Langer & Woosley
 2000 ), while GENEC uses the formulae of Maeder & Zahn ( 1998 ).

Overall, we cannot say exactly where the maximum �/ �crit limit is
n the context of wider physical processes – in our grid, this appears
t �/ �crit = 0.4 and decreases with metallicity. Results from previous
ork suggests this limiting value could be higher, while a different

tellar evolution code could suggest a different number. Thus, at this
ime, we hav e pro vided a fiducial inv estigation which informs future
ork. 

PPENDI X  D :  E N H A N C E D  W I N D S  IN  CLO S E  

ROX IMITY  TO  T H E  E D D I N G TO N  LIMIT  

s discussed in Seciton 2 , the mass-loss recipe employed in this
tudy is identical to the one in Vink et al. ( 2021 ). Since that work,
e have implemented mass-loss rate relations for very massive stars 

n close proximity to the Eddington limit from Vink et al. ( 2011 ) for
oth high and low Z (Sabhahit et al. 2022 , 2023 ). 
Fig. D1 indicates the parameter space of these very massive 

tar models for which a new mass-loss recipe was implemented, 
n comparison to the parameter space of the current study. The
gure shows the optical thickness of winds as a function of metallicity 
nd initial mass. The evolutionary models from Vink et al. ( 2021 )
hat produce the highest final masses and BH masses are highlighted
MNRAS 529, 2980–3002 (2024) 
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y the yellow box. These winds remain optically thin and a mass-loss
oost would not be applied. 
The entire parameter space of the current models is encapsulated

y the yellow dashed line, where the winds are either totally or
artially optically thin (as shown in the orange background). These
odels are on the verge of becoming optically thick. Comparison of

he models in our current study compared to those of (Sabhahit et al.
022 , 2023 ) shows that our results are not affected by a mass-loss
oost. 
In short, the reason why the mass-loss recipe applied in the current

tudy and the ones in Sabhahit et al. ( 2022 , 2023 ) are equi v alent is
hat the parameter space of our current study is almost entirely in the
ptically thin regime of Sabhahit et al. ( 2022 , 2023 ). 

PPENDIX  E:  IN FLATION  A N D  MLT  ++ AT  

OW  META LLICITY  

LT ++ is known to affect the inflation characteristics of MESA

odels; ho we ver, it is also necessary to allow massive star models
o evolve without convergence issues (as discussed in Section 2.1 ).
NRAS 529, 2980–3002 (2024) 
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License ( https://cr eativecommons.or g/licenses/by-nc/4.0/), which permits non-commercial re-us
e ran a M ZAMS = 93 M � model with low o v ershooting ( ∼0) and
ithout MLT ++ in order to test if the maximum BH mass we predict

s robust. The reason this is an appropriate test is that at very low
etallicity you would not expect to witness a large envelope inflation.
o we ver, at a higher metallicity (1/50 Z �), massive stars with M ZAMS 

bo v e 80 M � may evolve into supergiants during core Hydrogen
urning (Sz ́ecsi et al. 2015 ). We apply a very low metallicity ( Z =
/1000th Z �) from our prediction in Section 5 . With these conditions,
he model is able to remain compact for the He burning lifetime
nd not undergo inflation, which will not necessarily be true for
he rest of the parameter space. While the envelope mixing choice
ay, similarly to mass-loss assumptions as discussed in Vink et al.

 2021 ), af fect the cut-of f point on the maximum BH mass with Z ,
he sheer maximum BH mass value that is expected to be achieved
t the lowest Z values, is not expected to depend on our decision to
se MLT ++ . 
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